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A DISTRIBUTION PROCEDURE FOR THE ANALYSIS OF 
SLABS CONTINUOUS OVER FLEXIBLE BEAMS 


Il. InTRODUCTION 


1. Object and Scope of Investigation —The purpose of this bulletin 
is to explain a method of analysis for certain types of continuous slabs 
subjected to concentrated or distributed loads. In order to study such 
problems as the effect of wheel loads on a slab continuous over steel 
stringers, or on a single-span bridge-slab with integral curbs or other 
stiffening beams at the edges, it is necessary to have a rapid method 
of analysis. Of course, analytical procedures do not answer all the 
questions that arise in connection with the design of a slab. Certainly 
the procedure presented herein is not intended directly for use as a 
design procedure. The analysis applies to a gtructure with certain 
ideal properties, but does not deal with such problems as the ultimate 
strength of the slab, effects of temperature, shrinkage, and exposure 
to weather. 

The method of analysis is applicable to any rectangular slab simply 
supported on two opposite edges, with any manner of support on the 
other two edges, and continuous over any number and spacing of 
rigid or flexible simple beams transverse to the simply-supported 
edges. The slab may have sections of different depths or with differ- 
ent moduli of elasticity provided that, in each rectangular section 
formed by parts of the simply-supported edges and transverse lines 
thereto, the depth and elastic moduli are constant. It is assumed that 
the supporting beams offer only vertical support to the slab along a 
line. Under certain conditions the torsional restraint offered by the 
beams may be taken into account. However, in every case, it must be 
assumed that there are no horizontal shearing forces or frictional 
forces on horizontal planes between the slab and the supporting 
beams, or, in other words, that there is no resultant horizontal direct 
stress on any vertical cross-section in the slab or in a beam. An ap- 
proximation to “T beam action” may possibly be made by modifying 
the actual stiffness of the supporting beam. 

The analysis is exact in the sense that it leads to formulas in 
terms of infinite series that satisfy the fundamental equations of the 
ordinary theory of flexure of slabs* for homogeneous, elastic, and iso- 
tropic material. The formulas so obtained are the same as those given 
by others for certain special cases that have been analyzed. Generally 


*See Appendix A for a discussion of the ordinary theory of flexure of slabs. 
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the distribution procedure is convenient for obtaining numerical re- 
sults rather than formulas, and it is intended for this use. 

The essential features of the procedure are similar to, and de- 
rived from, the moment-distribution method of analysis developed by 
Hardy Cross.* Obviously other analytical procedures applicable to 
continuous beams or continuous frames may be applied to continuous 
slabs in much the same way as the present analysis. Marcust point- 
ed out that an equation analogous to the three-moment equation could 
be applied to slabs continuous over rigid beams, and made analyses 
for a number of cases. An analysis of slabs continuous over rigid 
beams was also given by Galerkinf. 

A method of solution in which simultaneous equations are used to 
determine the constants entering into the formulas for the deflections, 
and consequently the moments, shears, etc., for some particular cases, 
is given by Weber.§/ Yormulas for various quantities such as deflec- 
tions, moments in the slab, and moments in supporting beams for a 
number of cases of rectangular slabs supported on two or three flexible 
beams, are given by Jensen.§ The distribution procedure described 
in the present report bears somewhat the same relation to other pro- 
cedures and the formulas derived thereby as the moment-distribution 
procedure for continuous frames bears to the slope-deflection method, 
or the equation of three moments, and formulas for moment co- 
efficients. ; 

Numerical values of the quantities necessary for the analysis by 
the distribution procedure are tabulated in Section 22 and are ex- 
plained in Chapter II. These quantities—stiffness, carry-over factors,_ 
fixed-end moments, and fixed-end reactions—are used in exactly thé 
same way as in the analysis of continuous beams. The loading on the 
slab is divided into components in a manner described in Section 5, 
and each component is treated separately. One obtains, finally for 
each panel, component edge moments and edge deflections. The ef- 
fects of these on the interior of the slab are considered as corrections 
to the effect of the load on a simply-supported panel of the slab, as is 
outlined in Section 17. The resultant effect in the interior or at an 
edge is found by superposing all the component effects. 


*Hardy Cross, ‘‘Analysis of Continuous Frames by Distributing Fixed-End M ne 
Am. Soc. C. E., Vol. 96, 1932, p. 1-156. ‘ ST a a Ge ae 


Hardy Cross and Newlin D. Morgan, ‘“‘Continuous Frames of Reinf d a 

Witey an Sons, New York, ees of Reinforced Concrete,’ 1932, John 
. Marcus, “Die Theorie elastischer Gewebe und ihre A d f die B i 
Platten,” 1932, Julius Springer, Berlin, p. 201-240. ape time pees dere mae ed 
ys ve G. Galerkin, “Elastic Thin Plates,” (in Russian), 1933, Gosstrojisdat, Leningrad, U.S.S.R., 

p. 43-74. 

[Erhard Weber, ‘‘Die Berechnung rechteckiger Platten, die durch elasti A ii 
sind,” ingenions Seen: Vol. 8, No. 5, 1937, p. 311-395, si uamanresirc tees 2 


§V. P. Jensen, ‘‘Solutions for Certain Rect: lar Slabs Conti i 7 
Univ. of ll., Eng. Exp. Sta., Bul. 303, 1938. Set ake ge ees 


ANALYSIS OF SLABS CONTINUOUS OVER FLEXIBLE BEAMS 9 


In general the distribution procedure for any component of the 
loading converges more rapidly than the corresponding distribution 
in a continuous beam, but the procedure must usually be applied for 
several components in order to get the effect of the whole loading. 

Illustrative examples showing the way in which the procedure may 
be used, and the manner of obtaining the required numerical constants 
from the tables given in Section 22, are presented in Chapter VI. 

The use of the procedure in studying influence surfaces for slabs is 
pointed out in Chapter VIII, and certain qualitative aspects of the 
analysis of slabs are discussed in Chapter IX. 
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3. Notation —The following notation is used throughout this 


bulletin: : ’ ye 
x,y = horizontal rectangular coordinates. The origin of 


coordinates is always at a simply supported 
edge of the slab. The y axis is always parallel 
to the pair of simply supported edges of the slab. 
z = vertical coordinate, positive downward. 
= particular values of x and y, respectively. 
a,b = span lengths in the directions of x and y, respec- 
tively, of a panel of the slab. 
n = integer representing number of arcs of a sine wave 
of deflection, moment, shear, ete., alternately 
plus and minus, across the span of length a. 


= 
= 
. 
a9 
| 


S =) 1. 

w = deflection of the slab or of a beam, positive down- 
ward. ~ 

h = thickness of the slab in a particular panel. 

I = h?/12=moment of inertia per unit width of the 
slab in a particular panel. 

E = modulus of elasticity of the material of the slab 


in a particular panel. 

uw = Poisson’s ratio of lateral contraction for re 
material of the slab in a particular panel. 

N = EI/(1—p?) = measure of stiffness of an element 
of the slab in a particular panel. 

EF = modulus of elasticity of the material in a beam. 

! = moment of inertia of the cross-section of a beam. 

El = measure of stiffness of an element of a beam. 

P = concentrated load applied to the slab, positive 
when acting downward. 
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F 


Pp 


Vz 


RF, MF 


= load per unit of length distributed over a line, 
positive when acting downward. 
distributed load per unit of area, positive when 
acting downward. 
vertical shear per unit of length acting on a cross- 
section of the slab normal to the z axis, positive 
when acting upward on the part of the slab, 
bounded by the cross-section, having the 
greater values of z, as shown in Fig. 1. This 
definition corresponds to that of shear in a 
beam. 
= vertical shear per unit of length acting on a cross- 
section of the slab normal to the y axis, positive 
when acting upward on the part of the slab, 
bounded by the cross-section, having the 
greater values of y, as shown in Fig. 1. 
= vertical reactions per unit of length defined in 
the same manner as V, and Vy. 
concentrated reaction at a corner, as shown in 
Fig. 1. 
= bending moments in the direction of x or y, 
respectively, per unit of length, acting on a 
section normal to the x axis or y axis, respec- 
tively, positive when producing compression at 
the top of the slab, as shown in Fig. 1. 
= twisting moment in the directions of x and y per 
unit of length, positive when tending to produce 
compression at the top of the slab in the direc- 
tion of the line x = y, as shown in Fig. 1. 
= bending moment in a beam, positive when pro- 
ducing compression at the top of the beam. 
= load per unit of length acting on a beam, positive 
when acting downward. 
vertical reaction per unit of length acting at an 
edge parallel to the z axis of a panel of the slab, 
positive when acting downward. See Fig. 3. 
= the bending moment M, at the edge of a panel of 
the slab. See Fig. 3. 
= values of R and M for a given loading when the 
edges of the panel of the slab parallel to the x 
axis are fixed against deflection and rotation. 


I 


I 
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& = rotation of an edge, numerically equal to the slope 
in the y direction of an edge parallel to the zx 
axis of a panel of the slab, positive when in the 
direction of positive M at that edge; also rota- 
tion of a cross-section of a beam about a longi- 
tudinal axis, positive as indicated in particular 
cases. 

A = deflection w of an edge parallel to the z axis of a 
panel of the slab, or deflection of a beam, posi- 
tive downward. 

G = E/[2(1+)] = modulus of elasticity in shear of 

the material in a beam. 

total twisting moment or torque acting in a cross- 
section of a beam, positive when acting counter 
to the sense of positive @ on the part of the 
beam, bounded by the cross-section, lying on 
the side of the larger values of 2. 


dMr : : 
m= — r = moment per unit of length, causing 
z 


twisting of a beam, distributed along the longi- 
tudinal axis of a beam, positive when Mr de- 
creases with x, or positive in the same sense as 
positive ®. 


Mr 


G= q = relative rotation per unit of length of 
x 


cross-sections of the beam, positive when the ~ 
total rotation ® of a cross-section increases 


with x. 


Mr 
Jj = = measure of torsional rigidity of a beam. 


Ge 
K,8, Q, T, k, ¢,t = elastic constants for a panel of the slab defined in 
Section 6. . 
modified elastic constants for a panel of a slab, 
defined in Section 14. 
elastic constants relating deflection and load, and 
rotation and moment, respectively, for a beam; 
defined in Section 8. 
Cx, Co, Cr, Cs = dimensionless coefficients used in Equation (31). 
Cu, Cr, Cm, ¢- = dimensionless coefficients used in Section 9, and 
defined in Appendix B, Sections 3, 4, and 7. 


Kite 


Owe, 


~~ ogee 
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Mz, My, Mzy, Cy = dimensionless coefficients used in Section 20, and 


defined in Appendix B, Section 5. 
C, Czy = dimensionless coefficients used in Section 19, and 
defined in Appendix B, Section 6. 
—M, = an edge moment acting with an edge deflection, 
defined in Equation 9 and in n Appendix B, 
Section 6. 


Fo, Mo, Wo, etc. = coefficients of sin nrz/a or of cos nrx/a in the 


expressions for F, M, w, etc., when F, M, w, 
etc., vary as the ordinates to a sine or cosine 


curve. 
B ab nib 
s a 
Tv nrv 
a=—= : 
8 a 
Ty ny 
7 =— = = 
s a 
rz Nx 
s a 


Sectior? 
Norrnal : 
10 Y-AXIS, 
0 = Load yer Y 
Unit of Areg 
Sectior7 Je 
i. Concentrated 


Corner React/or7 


Shear ava 
Morn ers 
per Unit of Lengtt 


Stresses 
per Unit of Area 


Zz 


Fic. 1. Diagram SHowr1ne Positive Directions or Forces ActinG 
ON CROSS-SECTIONS OF A SLAB 
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II. Metuop or ANALYSIS 


4. Basis of Method of Analysis ——The distribution procedure is 
based on a resolution of the loading applied to the slab into com- 
ponents each of which can be handled separately in a simple manner. 
The effect of the total load is found by superposition of the effects 
of the component loadings, within the limitations of the fundamental 
equations derived by means of the ordinary theory of flexure for slabs. 


et eee 


a 
Soe a “Sine wave of loading, 
LAE TS deflection, erc., with 
b ‘n” half-waves. 
: Simply supported edge. 


aN 
Lage suoported or restrained 
W) ary marrer. 


Fic. 2. RecraANGULAR PANEL OF SLAB CONSIDERED IN THE ANALYSIS 


Consider the slab shown in Fig. 2, with span a in the x direction, 
and with the two sides parallel to the axis of y simply supported. Let 
the other two sides be supported or restrained in some manner to be 
determined later. Let the deflection of the slab be given by the 


equation 
ft REY Nee oe 
w= va( ) sin (1) 
a a 


in which Y,, is a function of nry/a, and consequently is a function of 
y only. Such a deflection is, for constant y, a sine curve of n half- 
waves, alternately upward and downward, the maximum ordinates 
varying with y only. Along the lines x = 0, « = a/n, x = 2a/n, 
x = 3a/n, ete., the deflections are zero. 

With the notation s = a/n, Equation (1) may be rewritten as 


nes v(=*) ne (2) 


—wr 
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All the derivatives of w with respect to y or x will have the form of a 
function of ry/s multiplied by sin r2x/s or by cos rx/s. The moments, 
shears, reactions, and the loading found from the fundamental rela- 
tions of the ordinary theory of flexure for slabs are stated in Section 1 
of Appendix B. It is noted that the bending moments, per unit of 
length, M, and M,, the shears and reactions, per unit of length, 
V, and R,, and the load p, are all of the same form as w and involve 
a function of y only, multiplied by a sine curve with a half-wave- 
length of s in the x direction; and the twisting moment M,,, and the 
shears and reactions V, and R, involve a function of y only, multiplied 
by a cosine curve with a half-wave-length of s in the x direction. 

Then it may be concluded that a load on the slab of the form 


VC Faz 
Pn = Po Sin s (3) 


in which p is a function of y only, will produce deflections of the kind 
given in Equation (2) when the conditions of support or restraint at 
the ends of the panel involve deflections, slopes, moments, and reac- 
tions that are distributed as sine curves of half-wave-length s. 

Whatever the loading on the slab, if it can be resolved into com- 
ponent loadings p, of the form 


NTL 


(4) 


Ds = "Don SID 
a 


where pon is a function of y only, each component may be treated 
separately and the effects—deflections, slopes, moments, shears, 
reactions—of each component may be determined from considera- 
tion of a single sine wave of loading on a slab of span s where s=a/n. 
The total load p may be expressed in the form of the trigonometric 


series 


nme 
p= DY) Pon sin —— (5) 
n=l,2,3,"° a 

and the effects of the total load may be obtained by adding all the 

component effects. ee, 
A strip of the slab of width a/n may be considered as a unit with 
supports parallel to the y axis at the sides of the strip. The load on 
the strip may be taken as a single sine wave with the maximum 
intensity of loading at the center of the strip. The actual slab may 
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be considered as made up of n such strips with equal loads alternately 
upward and downward. It is necessary to handle only the one 
problem of a single sine wave of loading on a slab of width s = a/n. 
By taking different values of s one then obtains effects for n = 1, 
2, 3, ete. 


Simply Supported Lage 


Sine Wave of Detlectiot, 
Morerii, etc. 


| Sinyoly « Supported Lage 
b-v 
b 


Mor bx £ g~ltor é 


Section through slab showing positive 
directions of erd torces 
and displacements. 


R, or A R, ora 


Fig. 3, Suan Wir Two Opposite Epces Simpity Suprortep, SHOWING PosITIvE 
Directions or Forces oN AND DISPLACEMENTS OF THE OrHER EDGES 


Consider a panel of a slab as in Fig. 3, with two opposite edges 
simply supported and the other two edges, f and g, fixed. A sine 
wave of loading of the type given by Equation (3) 


ae 
Pp = Po sin — 
S 


will cause moments and reactions at the fixed edges each distributed 
as a sine wave. Similarly, consider a rotation of one fixed edge of 
the slab with magnitude of rotation varying as a sine wave, 


2 ate 
& = hd sin —— (6) 
8 


~ 
4 
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in which @ is equal to the numerical value of the slope at any point 
_along the edge of the panel, positive as defined in Fig. 3. According 
to the ordinary theory of flexure of slabs, such a rotation will produce 
moments at the edge rotated, and at the far edge, with magnitude 
varying as the ordinates to a sine curve also. In a manner entirely 
analogous to that used in the analysis of continuous beams by moment 
distribution, one may define stiffness of the edge’ of the slab against 
rotation as the ratio of the edge moment to the edge rotation, and one 
may define a carry-over factor for moment as the ratio of the moment 
at the far edge to that at the edge rotated, for sine waves of rotation. 

In addition one may define other elastic constants for the slab in 
order to compute edge reactions, and also in order to handle edge dis- 
placements of the panel. These elastic constants are all dependent on 
the shape of the slab, the quantity N, and the span length between 
fixed supports, and their values are defined and discussed in Section 6. 

It is noted that there are no statical relations between the various 
elastic constants for a slab as there are for a girder. For example, 
when the edge of the slab is rotated as is indicated by Equation (6), 
the vertical reactions at the edges cannot be computed by statics from 
the moments at the edges. However, the elastic constants for the slab 
automatically take into account the behavior of the slab in trans- 
mitting effects laterally to the simply-supported edges. 

For each sine wave of loading on a supporting beam of span s in 
the x direction, it can be shown from the relations between the deflec- 
tions, moments, and loads on a beam that the deflection of the beam 
is also a sine curve. 

Since the loading and the deflections in the z direction are all given 
as sine waves for both slabs and supporting beams, the deflections 
along all sections parallel to the y axis are similar in shape. Conse- 
quently, it is possible to set up an analogous continuous girder in the 
y direction for each sine wave component of loading in the x direction 
on a continuous slab. The spans of the slab in the y direction between 
flexible or rigid supporting beams correspond to the spans of the girder 
between yielding or rigid supports. The stiffnesses and carry-over 
factors for the analogous continuous girder are those values for the 
slab as discussed in the foregoing. The essential difference between 
the analogous continuous girder and an actual continuous girder, how- 
ever, is that the reactions and shears cannot be found by statics from 
the moments and the loading, but must be found by use of the elastic 
constants. 

The distribution process may be explained as follows: For a par- 
ticular sine wave component of loading on the continuous slab all the 
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“joints” or lines along which there are supporting beams (or in special 
cases, changes in section, or free edges) are considered locked against 
rotation or deflection. The fixed-end moments and reactions for the 
loading or other conditions are found from tabulated values given in. 
Section 22. In general, each joint will be statically unbalanced. Then 
the joints are released successively, (or simultaneously if desired), and 
the changes in fixed-end forces recorded. The release of a joint balances 
the forces acting on that joint. The release of any joint introduces 
additional unbalanced moments and reactions at neighboring joints. 
These are recorded by use of carry-over factors. The process is carried 
on until the unbalanced forces remaining at all joints are only negligible 
in amount. 

Then the moments and deflections at the various supports may be 
computed. The loads acting on the supporting beams and the moments 
in the beams may be readily found. The effects in the interior of the 
slab are determined by superposing the following quantities: 

(1) the effect of the load acting on a panel simply supported on 

all edges; 

(2) the effects of the moments at each continuous edge; 

(3) the effects of the deflections at each continuous edge. 

This procedure may be varied in detail, and several possibilities are 
discussed in Section 17. Numerical values for performing this opera- 
tion are tabulated in Section 22. 

For the whole loading, one adds together the effects for all the 
sine wave components of the loading to get the total effect. ; 

Any type of loading can be treated by this procedure. The man- 
ner of determining the components for some of the simpler loadings is” 
discussed in the next section. 

Illustrative examples are given in Chapter VI, where the various 
steps outlined are performed numerically. 

It is evident that the distribution procedure is merely one of a 
number of possible methods of analysis for the continuous slab. In 
order to satisfy statical conditions, the moments normal to the joint 
in the members meeting at any joint must be in equilibrium, and the 
reactions acting on all the members at the joint must be in equilibrium. 

In order to satisfy conditions of continuity, the slopes normal to the 
joint of all members at a joint must be equal in magnitude, and the 
deflections of all members at the joint must be equal. These condi- 
ditions may be expressed as equations in various ways, and the equa- 
tions may be solved by any of a number of procedures. With the 
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distribution procedure one does not express the equations explicitly. 
Instead, one satisfies the conditions by a process of successive approxi- 


mations. The method is not an approximate method, since the compu- 
tations may in general be carried to any desired degree of accuracy. 


5. Type of Load Components Considered.—In general, subject to 
certain mathematical limitations, any distribution of loading on the 
rectangular slab shown in Fig. 2 can be expressed as a trigonometric 
series 


NTL 


p= >> Po» sin 


n=1,2,3,-- 


(7) 


in which po, is a function of y only (and may be a trigonometric series 
itself). 

A particular type of distributed load that is of interest is a loading 
that is independent of y; that is, a load distributed over the whole 
span 6 of the slab with the same intensity, p, at all points having the 
same value of x. With some minor restrictions such a load can be 
expressed as a Fourier series of sines similar to Equation (7), but with 
Pon independent of y, and depending only on n. The constants Pon 
can be determined by means of the relation 


Pon -— | p sin ae dx. (8) 
a Jo a 
The following special cases are shown in Fig. 4: 
(a) A uniform load of intensity p on a strip of width 27, from 
xz=u— .tox =u-+z, extending the length of the panel in the y 
direction. The component loads determined from (8) are 


Din = sin sin (9) 


and the total loading is, therefore, 


4p i Mt  .. nr nex 
p=—— = silt 
Teta IU a a 
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4p WL Se AIT, ote MDT, ee LATIOX, 
P=2 Pon = pi ao ae 


a a a 
n=h2,35,""* 

(@) = FP Sjpjp OT! jp 1TU 

QD Poa= Fe SII Sit) ae 


“ow 


0 for 1” ever 
4p “ow 
ss for ‘7 odd 


P=ZPon a £F sin @Z sin RAK 
7242,3,°°* 

Nore: This series does not converge, ard 
“o" represents the line load F ory ir so far 
as its effect on mormerts, shears, detlec- 
tions, efc. 1S corcerred. : 

(¢) Lon = 2° sin ae 


Fic. 4. Types or Distrisutep Loaps AND LINE Loaps AnD THEIR 
CoMPONENT DistripuTep Loaps 


(b) A uniform load of intensity p over the whole panel. The com- 
ponents and total loading are obtained from (9) and (10) by setting 
4=u=a/2. One finds ' 


4p 


Tn 


Pon = for n odd, Pon = O for n even (11) 


and 


(12) 
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Fic. 5. Types or Line Loaps aNp CoNcENTRATED LOADS AND 
THeEtR CoMponENT Linge Loaps 


(ec) A line load of intensity F per unit of length acting on the line 
x =u. The components and total loading are obtained from (9) and 


(10) by letting 7 approach zero, and 27p approach Ff. One finds 


2h ee See 
Pon = sin (13) 
a a 
and 
2F De ETA os ee LL 
sin (14) 
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The trigonometric series for this case does not converge, and conse- 
quently is not equivalent to the load. The series, however, represents 
the load in so far as its effect on deflections, moments, shears, etc., are 
concerned. 

Another type of loading of particular importance is that of a load 
distributed in some manner along a line such as the line y = v in 
Fig. 5. With certain restrictions such a loading can be expressed in 
the form of a Fourier series 
NTL 


ft eee Me ain. 


n=w1,2,3,-+ 


(15) 


where Fp, is a constant depending only on n and can be evaluated by 
means of the relation 


Pe tas 5 RAS 
Fo. = — F sin 
a 0 a 


dx (16) 


which is similar to Equation (8). 

The following special cases are of interest, and are shown in Fig. 
5: (each of the cases can be obtained from the corresponding casé of 
Fig. 4) 

(a) A line load of intensity / uniformly distributed over a section 
of length 27, from z = u —7 to x = u+i7 on the line y = v. -The 
component loads determined from (16) are 


AR: © Wert. nr 
Pin = sin sin ——— Cl 7am 
rN a a 


and the total loading is, therefore, 


4F LS nat at ee ee 
>> —sin sin sin (18) 
Ty nates of a a a J 


F= 


(b) A line load of intensity F uniformly distributed over the whole 
line y =v. The results are 


4F : 
on = for n odd, Fon = 0 for n even 
™m 
- (19) 
4 1 NTL 
F= >> —sin 2 
Te nateibeemeee a 


ANALYSIS OF SLABS CONTINUOUS OVER FLEXIBLE BEAMS 23 


(c) A concentrated load of magnitude P at the point z = u on 
the line y = v. One finds 


2P | nru 
Fun = sin 
a a 
(20) 
ey £ nTU NTL 
F= >> sin = sin «: - 
QA nwi,2,3,-- a a 


The trigonometric series for this case does not converge, and conse- 
quently is not equivalent to the concentrated load. The series, how- 
ever, represents the effects of the load in so far as deflections, moments, 
shears, etc., are concerned. 

Other types of loading may be divided into components in a similar 
manner. 


6. Elastic Constants for a Panel of a Slab.—Consider the slab shown 
in Fig. 3 with two opposite edges simply supported and the edge g 
fixed. Let the edge f be subjected to a rotation without deflection 
such that the magnitude of the rotation is given by the relation 


: TX 
®@ = G sin 


s 


The positive direction of the rotation ®, and the positive directions of 
the deflection A, the edge moments M, and the edge reactions R, are 
shown in Fig. 3. The edge moments and reaction, and the deflection 
of the slab along a line parallel to the simply-supported edges are shown 
in Fig. 6 (a). The edge moment on the edge f is distributed as a sine 
curve, and may be written in the form* 


M; = K® (21) - 


The quantity K is then a measure of the resistance to rotation of one 
edge of the slab when the far edge is fixed, and is called herein the 
_ “flexural stiffness” of the slab. This is analogous to the definition of 
the term “stiffness” used in the moment-distribution procedure for 


beams. 
For the same conditions the edge moment on the edge g may be 


writtent as 
M, = —kK® = —kMy (22) 


*Appendix B, Equations (B16) and (B17). 
+Appendix B, Equations (B20) and (B21). 
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Then the quantity “‘ — k” is the ratio of the edge moments at the 
fixed edge to the edge moment producing rotation at the rotated edge 
for a sine wave of rotation, and is called herein the ‘‘flexural carry-over 
factor.” 
The quantities K and k may be used just as the corresponding 
quantities are used for a beam. However, in a beam, the reactions at 
the edges for rotation of one edge may be found from the moments 
by statics. In the slab the reactions 'must be defined by additional 
elastic constants, as follows: 
_ The vertical reaction on the edge © is distributed as a sine curve, 
and may be written* as 


Ry = Qe (23) 
and the distributed vertical reaction on the edge g may be writtenf as 


R, = —qQh = —QR; (24) 


- The quantity Q may be called a “‘flexure-shear stiffness’? and the 
quantity “‘ — q’ a “‘flexure-shear carry-over factor.” 

Now let the edge f be subjected to a deflection without rotation 
such that the magnitude of the deflection is given by the relation: 


a. 2: 
A = Ay sin — (25) 
8 


~ 


The deflection of the slab, and the edge moments and reactions are 
shown in Fig. 6 (b). The reaction on the edge f is distributed as a 
sine curve, and may be writtent as 


R, = TA (26) 


and T is called the ‘“‘shear stiffness’”’ of the slab. The reaction on the 
edge g may be written§ as 


Ry = -(TA = — Ry (27) 


*Appendix B, Equations (B18) and (B19). 
tAppendix B, Equations (B22) and (B23). 
tAppendix B, Equations (B28) and (B29). 
§] Appendix B, Equations (B31) and (B32). 


: 
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-R=t74 
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R=TA 
Sections or lines paralle/ to y-axis of slab shown in Fig.3 
with (a) rotation of one edge ard (b) deflection of one edge. 


Summary of Elastic Constants for a Slab 
Rotatiorss, deflectiors, mormerts, and reactiors 
distributed along the edges as sine waves. 
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Fic. 6. DEFINITION or ELASTIC CONSTANTS FOR A PANEL OF A SLAB 


and ‘ — t” may be termed the “shear carry-over factor” for the 
slab. The moment on the edge f is written as 


M; = QA (28) 
and the moment on the edge g is written as 
M, = —QQA = —qM; (29) 


where the quantities Q and q are the same as in Equations (23) and 
(24), as should be evident from considerations of symmetry and Max- 
well’s Theorem of reciprocal deflections. 

The notation for the various stiffness and carry-over factors is 
summarized in Fig. 6. 

It is of interest to define another quantity, measuring the stiffness 
against rotation of an edge of a slab when the far edge is simply sup- 
ported instead of fixed. The magnitude of this quantity, S, may be 


derived as follows: 


26 ILLINOIS ENGINEERING EXPERIMENT STATION 


For a unit rotation 4) at edge f the center moments are K and 
— kK at f and g, respectively, when the edge g is fixed. Now release 
the moment at g at the same time maintaining the edge f in a fixed 
condition. The additional center moments will be kK and —k?K at the 
edges g andf, respectively. The total center moments will be (1 — k2)K 
and zero at f and g, respectively, for a unit rotation ® of f. Conse- 
quently the flexural stiffness for the far end hinged is 


= 1 (30) 


This is exactly the same relation that is found in the case of a beam. 


7. Numerical Values of Elastic Constants for a Panel of a Slab.— 
The value of each of the stiffnesses, K, S, Q, and T, may be expressed 
in terms of a numerical coefficient which is a function of the shape of 
the slab, the quantity N, and the span length 5, as follows: 


eee Rye 

oe be Be see an 
(31) 

N 

Tinea 1 Ora 


Values of the various dimensionless coefficients in the expressions 
of Equations (81) for the stiffness of a panel of a slab are given in 
Table 1 in Section 22 for various values of the ratio of the sides of « 
the panel. * 

The value of Q depends on the magnitude of Poisson’s ratio, yp. 
The magnitude of Cg varies linearly with ». Consequently if values 
of Cg are known for any two particular values of u, Cg may be found 
by interpolation or extrapolation for any other value of yu. 

It is noted that for b/s = 0, or for s infinitely large, the values ‘of 
the various stiffness factors become the same as for a girder of span 
b where N is equivalent to EI for the girder. For b/s very large, the 
values of the various stiffness factors approach those for an infinitely 
long slab and the dimensionless coefficients, for b/s greater than 3.4, 
are given by means of the formulas listed below Table 1 which apply 
to an infinitely long slab. 

As an example of the use of Table 1, if a slab of dimensions 
s =a/n = 10 ft., b = 5 ft. = 60 in., has a moment of inertia per 
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unit width of 20.0 in.8 and a modulus of elasticity of 3.6 (10)6 Ib. 
in.~, the values of K and Q for » = 0 are obtained as follows: 


N = 3.6 (10) Ib. in. (20.0 in.) = 72 (10) Ib. in. 


Then, to a degree of precision entirely unnecessary except for purposes 
of illustration, one has the following results: 


72 (10)° Ib. in. 


K = 4.66875 - = 5.60250 (10)° lb. 
60 in. 
72 (10)® Ib. in. 
Q = 6.77209 ———_—_——- = 13.5 44118 (10) lb. in. 
3600 in.? 


For » = 0.10, and all other properties of the slab the same as before, 


5.60250 (10)° lb. 
= = 09909 (10)? Ib. 
15 —= 0.01 


72 (10)$ Ib. in. 


“0.99 (3600) in2 14.17945 (10) lb. in. 
: che 


Q = 7.01883 


Values of the various carry-over factors are given in Table 2 for 
various ratios of the sides of the panel. For s infinitely large, or for 
b/s = 0, the carry-over factors are the same as for a girder. The 
magnitude of the carry-over factors diminishes rapidly as b/s in- 
creases. 

It is noted that the value of g for values of » other than 0, 0.1, 
0.2, and 0.3, may be obtained by use of the relation that the reciprocal 
of q varies linearly with yu. It is further noted that for any value of 
u, the product of Cg and q is independent of ». Consequently, one 
may also use the relation 


qq: Cg = y:- CE (32) 


to find the value of q for other values of » than those listed in Table 2. 
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8. Elastic Constants for a Beam.—Consider a simply-supported 
beam of span s with a deflection given by the equation 


- 
Nema ar (33) 
s 


Then, by means of the relation between load and deflection of a beam, 


d*A F 
= — 34 
dx El eh) 


one finds the following value for the load on the beam: 


F=_ GA (35) 
where 
EI El 
U = x*—— = 97.4091 —— (36) 
Se st 


The quantity U is a measure of the stiffness against deflection of a 
beam, and corresponds to the quantity JT for the edge of the slab. 
One may call U the “‘load stiffness” of a beam. 

Now consider the case of a beam offering resistance to rotation 
about a longitudinal axis; that is, a beam with torsional stiffness. 
For the present study it must be assumed that the ends of the beam 
do not rotate about the longitudinal axis of the beam, and conse-~ 
quently are subjected to concentrated torques which resist the dis- 
tributed moment m tending to rotate the central portions of the beam. 

Let the rotations of the cross-sections of the beam be given by 
the relation 

Tx 


© = S sin — (37) 
s 
The angle of twist per unit of length, 6, or relative angle of rotation, is 


d@ cg TX 
0 a On COR (38) 
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The torque Mp acting on any cross-section is, then, 
. 


a ay aaa ala (39) 
8 8 


Consequently the distributed moment m is given by the equation 


dMr 3 me 
m= — = GJ — & sin — = L@ (40) 
dx $? 8 
where 
GJ GJ 
L= 7’? = 9.86960 —— (41) 
3” 8? 


The quantity Z is a measure of the stiffness of the beam against 
rotation about a longitudinal axis, and corresponds to the quantity 
K for the edge of the slab. One may call Z the “torque stiffness” of 
the beam. 


9. Fixed-End Moments and Reactions.—Consider a load on the 
line y = v of the slab shown in Fig. 3, where the edges f and g are 
fixed. Let the line load be given by the relation 


Wa 
F = Fy sin — (42) 
8 


With this loading, the moment at the fixed edge f is of the form* 
were 
MF = —CyFb = —CybF) sin — (43) 


where Cy is a dimensionless numerical coefficient depending on the 
shape of the slab and the position of the load. Numerical values of 
Cy for various ratios of b to s, for v at successive tenth points of the 
span b, are given in Table 3. The values in Table 3 may be inter- 
preted as influence ordinates for the maximum value in a sine wave of 
fixed-end moment in a slab, when b = 1, due to a sine wave of loading 


*Appendix B, Equations (B37) and (B38). 
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of maximum intensity equal to unity. It will be seen that for b/s = 0, 
or for s infinitely large, the influence line forthe slab becomes the same 
as for a fixed-end beam. For v/b = 0 or 1 the fixed-end moments are 
zero, of course. For b/s greater than 4.0 the fixed-end moment may 
be obtained by use of the formulas applying to the case of a slab © 
having b infinitely large. Formulas for this case are given in Table 
12, and some numerical values are given in Table 13. 

For the loading given by Equation (42), the vertical reaction at 
the fixed edge f is of the form* 


TL 


RF = —CrF = —CrF sin —— (44) 
s 


where Cz is a numerical coefficient depending on the shape of the 
slab and the position of the load. Numerical values of Ce are given 
in Table 4 for various ratios of b to s, for v at successive tenth points 
of the span 6. The numerical values in Table 4 may be interpreted 
as influence ordinates for the maximum value in a sine wave of fixed- 
end reaction due to a sine wave of loading with maximum intensity 
of unity. It is noted that for b/s = 0, or for s infinitely large, the in- 
fluence line for the slab becomes the same as for a fixed-end beam. 
For v/b = 0, Cr is 1, and for v/b = 1, Ce is zero, of course. For b/s 
greater than 4.0 or 5.0, the magnitude of the fixed-end reaction may 
be obtained by considering b infinitely large. Formulas for this case 
are given in Table 12, and numerical values in Table 13. 

Tables 3 and 4 may be used to obtain the components of fixed- 
edge moments and reactions for any line loading that can be expressed 
as a trigonometric series of sines in the form of Equation (15). 

Now consider a loading distributed over the whole area of the 
panel where the intensity of load is expressed in the form 


TL 


Di—SpG sin ro (45) 


in which pp is a constant. The moment at the fixed edge f is of the 
formt 


x 
M? = —c¢npb? = —Cmb*po sin es (46) 
s 


*Appendix B, Equations (B41) and (B42), 
t+Appendix B, Equations (B60) and (B61). 
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and the reaction at the fixed edge f is of the form* 


x 
R? = —c,pb = —c,bpo sin wie (47) 
8 


In these equations c,, and c, are dimensionless numerical coefficients 
depending only on the shape of the slab. 

Numerical values of ¢,, and c, for various ratios of b to s are given 
in Table 5. It will be noted that for s infinitely large, b/s = 0, and 
the fixed-end moment at the center of the edge has the value 


id, 
MF = ——— pb? 
0 12 Po 


which is the same as for a fixed-end beam of length b with a uniform 
load of po per unit length. Similarly the fixed-end reaction at the 
center of the edge for the same conditions has the value 


. 1 
Ry = "Na pob 


which is the same as for the fixed-end beam. For b/s greater than 
5.0 the formulas stated below Table 5, which apply to the case of 
b infinitely large, may be used. 

Table 5 may be used to obtain the components of fixed-edge 
moments and reactions for any loading over the whole area of the 
slab that varies only with x but is independent of y, if the loading can 
be expressed as a trigonometric sine series of the form of Equation (7). 


Ill. Derarts oF THE DISTRIBUTION PROCEDURE 


10. Distribution of Moments.—When the beams supporting the 
edges of the various panels of the slab are infinitely stiff, or if they are 
temporarily prevented from deflection as one step in the calculations, 
the detailed procedure for distributing moments for each sine wave 
component of loading, on a slab continuous in one direction, is ex- 
actly the same as the procedure for a continuous girder. When the 


*Appendix B, Equations (B62) and (B63). 
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non-deflecting beams have torsional resistance, the analogous con- 
tinuous girder may be considered as supported on non-deflecting 
supports which offer a resistance to rotation, that is, on columns. 
In either case, the quantities necessary for the analysis are the fixed- 
end moments due to the loading or to other conditions, the flexural 
stiffness K for each panel, the torque stiffness L for each beam, and 
the flexural carry-over factor, — k, for each panel. 

One divides the given loading on the slab into sine wave com- 
ponents in the x direction by means of the formulas given in Figs. 
4 and 5. For line loads one finds the fixed-end moments from Table 
3; for distributed loads, from Table 5. For edge deflections or rota- 
tions one finds the fixed-end moments by means of the elastic con- 
stants as shown in Fig. 6, with tabulated values in Tables 1 and 2. 

The flexural stiffnesses, K, of the panels of the slab are determined 
from Table 1, and the absolute values of the carry-over factors, k, 
from Table 2. The torque stiffnesses, L, for the beams are computed 
by means of Equation (41). For beams which may be considered 
to offer no resistance to rotation, L is zero. 

The sign convention used herein for moments is the so-called “‘de- 
signer’s convention” in which positive moment produces compression 
at the top fibers of the slab. The flexural carry-over factor for the 
slab is consequently negative in sign and always less in absolute value 
than 0.5, the value for a beam. Hence, the distribution converges 
more rapidly for the slab than for a beam. The flexural stiffness for 
the slab is always greater than 4 N/b, which corresponds to 4EI/L 
for a fixed-end beam. : 

As in the case of continuous girders or frames, the unbalanced 
moment at a joint is “distributed” in proportion to the flexural stiff- 
ness of the members meeting at the joint. Therefore, one may take 
any arbitrary values of N, in proportion to the real values for the 
various panels, without affecting the results. As a matter of fact, in 
the whole procedure for continuous slabs one may use, for supporting 
beams and slabs, any proportional values of modulus of elasticity in 
all calculations, and one will obtain the same proportional values of 
deflection and slope, but the correct magnitude of forces and moments. 

In general, the fixed-end moments at a “joint” (that is, the junc- 
tion of two panels of the slab along the line of a supporting beam) will 
not be statically balanced. The “unbalanced” moment is the alge- 
braic difference in moment at the two sides of the joint. The distri- 
bution is so made as to equalize the moments at the right and left 
of the joint, both in magnitude and in sign. The torsional moments 
in the supporting beams are most conveniently handled in the manner 
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indicated by Cross* for the treatment of moments in columns of a 
continuous frame. Or one may arbitrarily assign a positive direction 
of rotation and of moment for each beam, and then consider the beam 
as being on the same side of the joint as the panel of the slab at the 
joint which has the same positive direction of rotation and of moment. 

If a panel is simply supported at one end, it is convenient to use, 
for the other end, the stiffness with the far end hinged, S, where 


S=(1-k)K_ 


de a 


_ as is derived in Section 6. The moment at a fixed edge, when the far 
edge is simply supported, is most easily obtained by correcting the 

_ fixed-end moment for both ends fixed by a single distribution to elim- 
inate the moment at the simply-supported edge (in which the dis- 
tributed moment is equal but opposite in sign to the fixed-end moment), 
and a carry-over of — k times the distributed moment to the fixed 
edge. This procedure is the same as for a corresponding beam. 

For certain conditions of symmetry or antisymmetry one may use 
modified elastic constants as a short-cut, as is explained in Section 
14. One may also use modified elastic constants for the actual con- 
dition of a far edge, or any of the “direct distribution” procedures for 
distributing moments, but it seems hardly worth while to discuss this 
aspect of the subject here. 

For other details of the moment-distribution procedure, the reader 
is referred to the various articles by Cross.T 


11. Rotation of Joints and Change in Reactions Due to Distribu- 
tion of Moments.—Consider the slab shown in Fig. 3 as representing 
an intermediate panel in a series of continuous slabs, where the edges 
f and g are continuous with other panels. For some sine-wave condi- 
tion of loading or of edge distortions let the sine waves of fixed-end 
moment at f and at g in the panel fg be denoted by Mf and Mf, 
respectively. After distribution, without deflection of the “joints,” 
let the sine wave of final end moment at f and at g in the panel fg 
be denoted by M; and M,, respectively. Then define the change in 
moment at f, 6M;, in the panel fg due to the sine waves of rotation of 
f and g during the distribution process, as 


5M; = My — MF (48) 


*See, for example, Hardy Cross, ‘‘Analysis of Continuous Frames by Distributing Fixed-End 


siti . Am. Soc. C. E., Vol. 96, 1932, p. 1-156. . as 
eee Asa and Newlin D. Morgan, ‘Continuous Frames of Reinforced Concrete,’’ 1932, 


John Wiley and Sons, New York, Chapter IV. 
+See preceding footnote. 
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Similarly, define 6M, as 
5M, = M, — M5 (49) 


One may readily verify the following equations for the sine waves 
of rotation of f and g, ®; and 4, respectively, by observing that 
they give the proper changes in moment at f and g in the panel fg. 


6M; + kbM, _ 6My + kM, 


f = 9 a 
(1—k)K Ss oa 
5M, ++ kSMy 


D, 3 

These equations may be used as a check on the moment distribution 
since the rotations of the two edges of the panels meeting at a joint 
must be equal in magnitude but opposite in sign. 

If there is a beam with torsional stiffness at the joint, one may 
compute the rotation of the joint more simply in terms of the change 
in distributed torsional moment, 6m, in the beam, and the torque 
stiffness L: 


ce ae Ge 


In the case of a continuous girder it is possible to compute the 
change in reaction (or shear) at the ends of each panel or span by 
statics, from the changes in moment at the ends of the span. In the 
case of the continuous slab, however, one cannot compute the changes 
in reaction at the ends of the panel by statics. The elastic constants 
Q and q defined in Section 6 may be used to determine the changes in 
reaction at the ends of a panel of a slab from the rotations of the ends 
in the following manner: 

With the rotations at f and g in the panel fg defined as $; and ©,, 
one has, from the definitions of the elastic constants, the relation for 
the change in reaction 6R due to rotation 


Ree Ober 
5 = Q8; — qQe es 


éR, = Q&, 4 qQe; 
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Another form of Equation (52) may be obtained by substituting 
the values of $; and , from (50) into (52): 


Q Q 
: aR; = (1 — kg) 6M, — (g — k) aM, (53) 
: S S 
4 
_ Equation (53) is convenient to use in determining the changes in 
_ reaction due to making a fixed end hinged. 


12. Distribution of Reactions.—When the “joints,” corresponding 
to real or imaginary supporting beams and the edges of the panels of 
the slab adjacent thereto, are permitted to deflect, but are not per- 
mitted to rotate during the distribution, one may distribute reactions 
for each sine-wave component of loading in the continuous slab in 
much the same manner as one distributes moments. An analogous 
continuous girder may be set up which may be considered as supported 
on springs or yielding supports, but with rotation of the joints pre- 
vented. 

The quantities necessary for the analysis are the fixed-end reac- 
tions due to the loading or other conditions, the shear stiffness 7 for 
each panel, the load stiffness U for each beam, and the shear carry- 
over factor, — t, for each panel. 

One divides the given loading on the slab into sine wave com- 
ponents in the zx direction by means of the formulas given in Figs. 4 
and 5. For line loads one finds the fixed-end reactions from Table 4; 
for distributed loads, from Table 5. For edge deflections or rotations 
one finds the fixed-end reactions by means of the elastic constants as 
shown in Fig. 6, with numerical values given in Tables 1 and 2. The 
shear stiffnesses, 7’, are determined from Table 1, and the absolute 
values of the shear carry-over factors, t, from Table 2. The load 
stiffnesses, U, for the beams are computed by means of Equation (36). 

The reactions at the end of a panel of a slab, and the distributed 
reaction or load on a beam, are defined as positive downward. If the 
algebraic sum of the reactions at a joint is not zero the joint will not 
be in statical equilibrium. The ‘‘unbalanced”’ reaction at a joint is, 
then, the algebraic sum of the reactions in the two panels of the slab 
and in the beam at a joint. A sine wave of deflection of the joint, 
without rotation, will produce sine waves of reaction in the panels of 
the slab proportional to the values of 7’, and in the beam proportional 
to U. When the joint is permitted to deflect an amount sufficient to 
make the sum of the end reactions at the joint zero, the total end re- 
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‘ 
action due to the deflection must equal the unbalanced reaction, and 
the change in reaction in each member will be proportional to the 
value of T or U for that member. -One may state this in another man- 
ner: the unbalanced reactions are distributed to the connecting mem- ~ 
bers at a joint in the ratio of their shear stiffness or load stiffness. A 
sine wave of deflection of a particular joint, without rotation, produces 
a sine wave of reaction at the far edge of the panel of a slab equal to 
the reaction “distributed” to the edge of the panel at the joint multi- 
plied by the shear carry-over factor, — ft. 

The procedure for distributing reactions without permitting rota- 
tions is consequently as follows: 

(a) Find the reactions in the members meeting at all joints in the 
structure when the joints are held so that they cannot deflect nor ro- 
tate. These are called fixed-end reactions; and may be due to sine 
waves of loading (or also to sine waves of displacement, in the general 
case). 

(b) The algebraic sum of the fixed-end reactions at any joint is 
called the unbalanced reaction. Distribute the unbalanced reaction 
among the connecting members in proportion to the elastic constant 
defined. for each member as the shear or load stiffness, 7’ for slabs, 
U for beams. 

(c) Multiply the reaction distributed to each member at a joint 
by the shear carry-over factor for that member, and introduce this 
“carried-over” reaction at the other end of the member. 

(d) The reactions “carried over” are now new fixed-end reactions 
and must be distributed. This process is continued until the unbal- 
anced reactions remaining at any joint are negligible. The sum of all 
the reactions, fixed, distributed, and carried over to each end of each 
slab, and in the beam, are added together to get the true sine-wave 
component of reaction at the end of a particular member. 

It is evident, then, that for each sine wave of loading on the con- 
tinuous slab, one may distribute reactions (when rotation of the joints 
is prevented) in a manner similar to that used for the distribution of 
moments. The sign convention is different for reaction distribution 
than for moment distribution, since the unbalanced reaction at a 
joint is distributed in such a way as to make the sums of the joint 
reactions equal to zero. The shear carry-over factors for the slab are 
always negative in sign, and always less in absolute value than 1.0. 

The convergence of the process for distributing reactions may be 
considerably slower than for distributing moments, since the shear 
carry-over factors may be almost equal to unity. However, one may 
hasten the convergence in distributing reactions by the procedure of 
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writing in arbitrary deflections of all joints, generally equal deflections 
so as to simplify the calculations, in such a way as very nearly to 
balance the joint before formal distribution is started.* This has the 
effect of putting most of the reaction into the supporting beam where 
it belongs. It is noted that, for equal deflections of the two edges 
: of the panel of the slab, the shear stiffness becomes (1 — é)T instead 
of T. Where t is nearly equal to one, the quantity (1 — t)T is very 
: small. Where ¢ is small it is not necessary to write in fixed-end re- 
_ actions corresponding to uniform deflections, since the ordinary pro- 
cedure will converge rapidly enough. 

; One may use modified elastic constants for certain symmetrical 
_ or antisymmetrical conditions, as in the procedure for distributing 
moments. One may also adapt any of the so-called ‘direct distribu- 
_ tion” procedures to the problem of distributing reactions. 


13. Deflection of Joints and Changein Moments Due to Distribution 
of Reactions.—One may compute the change in moment at the ends 
of each panel or span due to distributing reactions without rotation 
of the joints in a manner entirely similar to the procedure described 
in Section 11 for computing the change in reactions due to distributing 
moments without deflection of the joints. The following notation 
and equations follow directly from the discussion in Section 11: 


R¥ = sine wave of fixed-end reaction due to sine wave of loading 
or of edge distortion 


R = final reaction after distribution, without rotation of the 


joints 
dR = R — RF (54) 
OR; + t6R 
Ay = Bee ea es (55) 
Cie) 
éF = change in load (or reaction) on the beam due to the distribu- 
tion 
OF 
KS (56) 
U 


*Thi dure is similar to that suggested by Cross for the analysis of wind stress ina multi-story 
Maidiae face Eley Cross and Newlin D. Morgan, ‘‘Continuous Frames of Reinforced Concrete, 


1932, John Wiley and Sons, New York, p. 228-232. 
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Equation (55) will generally be used to find the deflection of a 
joint only where an imaginary beam with zero stiffness has been in- 
troduced as an intermediate step in the calculations. 

The change in moment at end f of panel fg due to the deflections 
without rotation of f and g may be stated in terms of the elastic con-. 
stants defined in Fig. 6: 


dM; = QA; — qQA, (57) 


14. Use of Modified Elastic Constants.—The sine wave of rotation 
&, at end f of a panel fg continuous with other panels, is expressed 
in terms of the sine waves of change in moment, 6M; and 6M, at f 
and g, by Equation (50), which may be restated as follows: 


OM; + kiM OM 6M 
b; ee a Sa ee (58) 
(eek OO io ane oe 


The ratio of the change in moment 6M; to the rotation ;, when end 
g also rotates according to some definite rule, may be defined as the 
modified flexural stiffness K’, where, for the end f, K; is defined by 
the relation, obtained from (58), 


; 6M; 1—Fk : 
Ki = = K —_—_——_—_ (59) 
Py 5M, 
1+k 
6M; 


The use of this formula permits various shortcuts in the analysis, as 
in the case of continuous beams. The more or less obvious cases of 
general utility are summarized here. , 
(a) End g is hinged, or 6M, = 0: 
Ky = K (1 — RF’) (60) 


(b) The deformation of span fg is symmetrical, or 6M, = 6Mys: 


K'=K(1—k) (61) 
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; 
{ 
: 


(c) The deformation of span fg is antisymmetrical, or 5M, = —6My;: 


K'= K(1+k) ~ (62) 


Similar relations are readily derived for modified shear stiffness 
7" by an obvious substitution of 6R for 5M, ¢ for k, and T for K: 


bR ae 
ee (63) 
Ay 5R, 
BR; 


For symmetry or equal deflections at f and g, 6R, = 6R;, and 


pA a ea (64) 


For antisymmetry, or for equal and opposite deflections at f and g, 
oR, = —OR;, and 
= 1 (1 +74) (65) 


Other types of modified stiffness are useful in particular cases. 
These are generally more easily derived by use of numerical values in a 
preliminary distribution of moments or reactions, or both, than by 
substitution in a formula. Examples are shown in Fig. 7 of the 
method of obtaining the modified shear stiffness for a panel with one 
end hinged. If the hinged end is deflected, one finds 


ae een (66) 


and if the fixed end is deflected, 


a a (67) 


In either case, the reaction at the far end is 


2 


Q 
- ia 68 
ee (68) 
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15. Types of Distribution Procedures Available.-—The most workahle 
procedure for the analysis of slabs continuous over flexible beams is 
similar in many respects to the “Indirect Method’’* used by Cross 
for the study of problems involving sidesway or deflection of sup- 
ports. An outline of the procedure for slabs is given in the following: 


Indirect Method 


(1) Assume temporarily that all joints in the continuous slab do 
not deflect. Distribute moments due to the sine waves of loading as 
in Section 10, and find the total unbalanced reactions at each of the 
joints by the procedure described in Section 11. 

(2) Assume some arbitrary pattern of deflections of the joints, say 
a deflection of one joint with no deflection of the others. Write fixed- 
end moments in all members, and distribute without further deflec- 
tion. Then find the unbalanced reactions acting at all the joints. 


“Hardy Cross and Newlin D. Morgan, ‘‘Continuous Frames of Reinforced Concrete,” 1932, 
John Wiley and Sons, New York, p. 105-117, and especially Figs. 27 and 28. 
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(3) Repeat step (2) to get as many sets of independent displace- 
ments as there are flexible beams in the structure. 
(4) Combine proportions of the sets of independent displacements 
in such a manner that the sum of the combined displacements and 
I the original loading will correspond to zero unbalanced reactions at 
_ the joints. 
The procedure works best when the particular displacements in 
steps (2) and (3) are taken in such a way as to correspond most nearly 
to sets of loading conditions giving only one joint loading at a time. 
: The procedure will always work and yield a solution. For a large 
number of flexible beams it generally involves a solution of simul- 
taneous equations. In general, the equations may be solved by suc- 
cessive approximations very readily. Where the panels are of such 
shape that the distance between joints, 6, is less than 0.1 to 0.2 of 
the span s, when the supporting beams are also very flexible, some 
care is necessary in choosing the independent displacements if it is 
desired to use successive approximations in combining them. Other- 
wise the method is entirely automatic. 
A very straightforward method for the analysis of slabs continuous 
over flexible beams is a procedure of successively distributing shears 
and reactions as outlined in the following: 


Successive Distribution 


_ (1) Consider all joints locked against rotation and deflection. 
Compute fixed-end moments and fixed-end reactions due to the given 
sine waves of loading or other conditions of deformation. 

(2) Distribute the unbalanced moments, and carry. over, and repeat 
this process until the unbalanced moments at all joints are negligible, 
all the while preventing deflection of the joints, as in Section 10. 

(3) Compute the changes in fixed-end reactions due to the dis- 
tribution of moments, and add these to the original fixed-end reactions, 
by the procedure described in Section 12. 

(4) Distribute the unbalanced reactions without permitting rota- 
tion of the joints and carry over and repeat this process until the un- 
balanced reactions at all joints are negligible, as in Section 12. 

(5) Compute the changes in fixed-end moment due to distributing 
reactions, by the procedure described in Section 13, and distribute 
these moments as in step (2). 

Repeat this process until all unbalanced moments and reactions 
are negligible. The order of the various steps may be interchanged. 
One may distribute the reactions first and then the moments. The 
convergence will generally be slow unless the beams are quite stiff 
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compared with the slab, or unless the shear carry-over factors for the : 
slab are small. The procedure works best for slabs where the ratio 
of the distance between joints b to the span between simply-supported 
edges s is greater than about 0.5 or where the quantity U for the beam — 
at any joint is at least of the same magnitude as the quantities T 
for the panels of the slab adjacent to the joint. 

In Chapter VI, which contains several illustrative problems, ex- 
amples are given of each of the foregoing procedures for the analysis. 

Other procedures are possible for the analysis of slabs continuous 
over flexible beams. For example, one may write simultaneous equa- 
tions, in terms of the displacements A and the rotations @ of the various 
joints, which express the statical equilibrium of the joint, in a man- 
ner analogous to the slope-deflection procedure for continuous frames. 
The elastic constants for such equations may be obtained from those 
given in Section 6. 


TV. Manner oF UsinGc RESULTS OF THE DISTRIBUTION PROCEDURE 


16. Effects on Supporting Beams.—In the case of a slab continuous 
over rigid supports, for each value of n, the moments M = M, in 
the slab are found at the supporting beams directly from the analysis. 
The values of the reactions R at the edges of the slab can be obtained 
by adding the fixed-end reactions and the reactions due to rotations 
of the edges. Since the sum of all the reactions at a joint must equal 
zero, one can obtain the reaction F on the supporting beam at a joint. 

In the ease of a slab continuous over flexible beams, one obtains 
for each value of n either the moments M and the deflections A at the 
various joints, or the moments M and the reactions R and F, depending 
on the particular procedure used. The reaction on the beam and the 
deflection of the beam are related by the simple equation, for each 
sine wave of deflection or reaction, 


F 


A Paper (69) 


The loading on a beam, F, is related to the moment in the beam, 
Mbeam, by the equation, derived from statics, 


a? M beam 


ES eae (70) 
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PConsequently, for each value of n, one obtains the result 


s? 3 


1) RS = Fee = —— Fy sin 
T 1 8 


oom 4 a 


(71) 


The resultant deflection, resultant load, or resultant moment in 
the beam is obtained simply by adding all the component sine waves 
of deflection, load, or moment due to the various sine-wave compo- 
nents of loading or distortion, or other causes, on the structure. 


17. Deflections and Moments in the Panels of the Slab.—The de- 
flections, moments, shears, etc., in the interior of a panel of the 
slab, simply supported on two opposite sides and supported by beams 
or continuous with other panels on the other two sides, such as f 
and g in Fig. 3, may be obtained by superposition of the following 
effects: 

(1) the effect of the load acting on a simply supported rectangular 

slab; 
and, for each value of n, 

(2) the effect of the deflection A; at the edge f, 

(3) the effect of the deflection A, at the edge g, 

(4) the effect of the moment M; at the edge f, 

(5) the effect of the moment M, at edge g. 


The loading, of course, is known, and the edge deflections and 
edge moments on the panel are obtained directly from the results of 
the distribution procedure. 

In general it is somewhat simpler to consider a fictitious moment 
acting with the deflection at an edge. Then the effects superposed 
are: 

(1) the effect of the loading on a simply supported slab; 
and, for each value of n, 

(2) the effect of the deflection A; of edge f plus the effect of a 
fictitious moment —M,,; at edge f proportional to the 
deflection 

(3) the effect of A, and —My, at edge g 

(4) the effect of the moment My, acting at edge f minus the 
moment —M,; introduced in step (2), or the effect of 
M; 8 Mus 

(5) the effect of My + Mug at edge g. 
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The quantities added together may, if desired, be different from 
those outlined. For example, one may add the effect of the loading 
on a slab with two edges fixed and two edges simply supported, the 
effect of deflections of the fixed edges, and the effect of rotations of 
the fixed edges. In whatever manner the computation is carried out 
the facility with which results are obtained will depend upon the 
information available for the various quantities added together. 

For a particular span in a continuous girder one may compute 
effects within the span by statics from the edge moments and reac- 
tions, but in a continuous slab one cannot compute effects within a 
span by statics. Numerical coefficients for the effects within a panel 
of the continuous slab may be obtained, however, and used as 
described in Sections 19 and 20. 

Illustrations of the procedure are desertbed in Chapter VI. 


18. Concentrated or Uniform Load on a Simply Supported Rectangu- 
lar Slab.—The effect of a loading on the deflections, moments, shears, 
reactions, and other quantities of interest in a simply-supported 
rectangular slab have been treated by a number of writers. The 
effect of a uniform load on a simply-supported rectangular slab is 
discussed and summarized with tables and curves in works by A. 
Nadai, H. M. Westergaard, H. Leitz, and others.* A summary of the 
most important results, that is, the bending moments M, and M, at 
the center of the panel, and the twisting moments at the corners, 
is given by Westergaard.f 

The effect of a concentrated load on a rectangular slab may be 
obtained by adding the effects due to a number of upward and down- 
ward concentrated loads on a slab infinitely long, as is shown by 
Westergaard.{ Numerical values for use in this computation are 
given by Westergaard in tables and curves. § 

The various numerical results referred to are given for different 
values of Poisson’s. ratio. The following relations§ may be found 
useful for the determination of the effects for various values of 


*A, NAdai, “Die elastischen Platten,’’ 1925, Julius Springer, Berlin, p. 120-130. 
_H. M. Westergaard and W. A. Slater, ‘‘Moments and Stresses in Slabs,’’ Proc. American Concrete 
Institute, Vol. 17, 1921, p. 415-538, see p. 431. 


_ H. Leitz, “‘Die Berechnung der frei aufliegenden, rechteckigen Platten,” Forscherarbeiten auf dem 
Gebiete des Hisenbetons, Vol. 23, 1914, p. 1-59. 
Hencky, “Der Spannungszustand in rechteckigen Platten,” 1913, R. Oldenbourg, Berlin. 
tH. M. Westergaard and W. A. Slater, ‘Moments and Stresses in Slabs,” Proc. American Con- 
crete ee: Vol. 17, 1921, p. 415-538, see page 431. 


. M. Westergaard, ‘‘Computation of Stresses in Bridge Slabs Due to Wheel Loads.’’ i 
Roads, Vol. 11, No. 1, 1930, p. 1-23, see p. 17 and 19. . 8 ee 


[See preceding reference, p. 8-9, and 12-15. It is noted that the values given by Westergaard 
are for Poisson’s ratio np = 0.15. 


§See, for example, H. M. Westergaard, “Formulas for the Design of Rectangular Floor Slabs and 
the Supporting Girders,” Proc. American Concrete Institute, Vol. 22, 1926, p. 26-43, especially p. 29. 
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M, = Me + pMs-0 


M, = M* + wM+-° 
eas (73) 


My = (1 aa b) ci he 


eH ey ip Bn 


a (19. Deflection of One Edge of a Panel Combined With a Moment 
at the Edge.—Let the slab shown in Fig. 3 be simply supported on the 
two sides parallel to the y axis and also on edge g. Consider a deflec- 


tion A of edge f 
Tx 


A = Ay sin (74) 


a 
.>) 


combined with an edge moment —M, at edge f 


2 


Tx AP UE 
—My = —Mow sin — = —(1 — pz) Ap sin —— (75) 
S Ss 


The bending moments M, and M, in the interior of the panel on the 
line y = v are given by the equation 


Mi = —M, =CM, (76) 
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where C is a dimensionless coefficient depending on the dimensions of 
the slab and on the point considered. The twisting moment Mz, 
on the line y = v is given by the equation 


Nr 


Tx TL | 
May = Cuy (1 — #) Ao cos —— = CayMow cos —— (77) 
§ 


s? 


where C,, is a dimensionless coefficient also. The deflection w on the 
line y = v is given by the expression 


w= CA (78) 


where C has the same value as in Equation (76). 

Equations (76), (77) and (78) are derived from corresponding 
expressions in Section 6 of Appendix B, where formulas are given for 
the effect of a deflection and edge moment applied at edge g. 

It is noted that the bending moments M, and M, and the deflec- 
tion w at a point in a panel of a slab due to an edge deflection combined 
with an edge moment, according to Equations (74) and (75), are 
stated in terms of a coefficient depending on the distance v in the y 
direction from the distorted edge to the point considered. These 
effects are independent of the sense of positive direction of y. How- 
ever, the manner of definition of M,, involves a positive direction of 
the y axis; therefore, one must take due account of the positive 
directions of the axes in determining M,, due to distortions of both 
edges f and g of the slab. 

With the notation and directions of Fig. 3, the twisting moment ~ 
Mz, on the line y = v, due to distortions of the edge y = b corre- 
sponding to Equations (74) and (75), is of the same form as Equation 
(77) for the line y = b — », but is opposite in sign to Equation (77). 

Numerical values of C are given in Table 6 for various values of 
b/s and for v at successive tenth points of the span b. For v =(0, 
C is 1.0, and for »v = b, C is zero. The values of C for b/s greater 
than 4.0 are practically the same as for 6 infinitely large, and may 
be obtained from Tables 12 and 13. 

Numerical values of C,, are given in Table 7. For b/s greater 
than 4.0 the values of C,, are practically the same as the values of C. 
For b/s very small, less than 0.1, the value of C,, approaches the 


- 


s 
quantity —. 
1b 


It is noted that the edge moment —M, is a fictitious moment that 
is applied with the edge deflection merely to simplify the calculations 
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and to make it easier to handle Poisson’s ratio. One may state the 
effects due to a deflection alone without edge moment as the sum of 
three tabular values given in Chapter V, but it seems unwise to do 
this. It is evident from the equations that all moments are stated in 
terms of the fictitious edge moments, and the deflections in terms of 
the actual edge deflections. The effects due to the actual deflection 
plus the fictitious edge moment must be combined with the effects 
due to the actual edge moment minus the fictitious edge moment 
in order to get the true effects due to edge deflection and edge moment. 


20. Moment Without Deflection of One Edge of a Panel.—Consider 
the panel of the slab shown in Fig. 3 where the edge g and the edges 
parallel to the y axis are simply supported, and the edge f is supported 
without deflection, but subjected to the moment M, where 


Tx 
M = My sin —— (79) 
8 


The bending moments M, and M, and the twisting moment M,, 
on the line y = v may be stated in the form: 


xe 
M, = (mz + wmy) Mo sin — 
s 


(80) 
ae 
M, = (my, + wmz) Mo ae 
Tx 
May = (1 — p) mryMo cos — (81) 
s 
and the deflection w on the line y = v may be stated as 
b? re 
w = C,— M sin — (82) 
N s 


where mz, My, Mzy, and C,, are dimensionless coefficients. The various 
coefficients are independent of Poisson’s ratio; consequently values 
of two coefficients are combined in order to obtain bending moments. 

Equations (79) to (82), inclusive, are derived from corresponding 
expressions in Section 5 of Appendix B. 
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As in Section 19, the bending moments M, and M, and the de- 
flection w at a point in a panel due to a moment applied at one edge 
are stated in terms of a coefficient depending on the distance v in the 
y direction from the edge at which the moment is applied, to the point 
considered. The effects are independent of the direction of positive y, 
or, in other words, mz, my, and C,, are independent of the sign of v. 

However, the twisting moment M,, on the line y = v due to a 
sine wave of moment applied at y = b is of the same form as Equation 
(81) for the line y = b — v, but is opposite in sign to (81). In other 
words, Mzy is of the same sign as v, where v is the distance from the 
edge at which moment is applied to the point considered. 

Numerical values of mz, my, Mz, and Cy are given in Tables 8, 
9, 10, and 11, respectively, for various values of b/s and for v at’ | 
successive tenth points of the span b. For v-= 0, the coefficients are 
m, = 0; m, = 1, C. = 0; and for »v = 6, the coefficients m., my, 
and C,, are zero. For b/s greater than 4.0 the values of all these 
coefficients are practically equal to the corresponding coefficients 
for b infinitely large, for which case equations and numerical values 
are given in Tables 12 and 13. 

The use of some of the various coefficients mentioned herein is 
demonstrated in Chapter VI in the illustrative problems. 


21. Dimensional Relations ——Certain dimensional relations are of 
interest in that they permit extension of results obtained for one 
particular size of structure to another of similar proportions. For 
example, the slabs shown in Fig. 8 (a). and (b) are similar. It is 
noted that all horizontal dimensions are changed for Fig. 8 (b) in- 
the proportion r, the span between simple supports becoming ra 
instead of a. Further, the values of the quantity N, which is a meas- 
ure of the stiffness of elements of the slab, must be in the same pro- 
portion among the different panels in (b) as they are in (a), and the 
values of Poisson’s ratio » must be equal, panel for panel, in (b) and 
(a). If the quantities N are the same for corresponding panels in 
(a) and in (b) of Fig. 8 the quantity El for corresponding beams in 
Fig. 8 (b) must be changed in the proportion r, the same proportion 
as the linear dimensions, for similarity to obtain. 

When the two structures are loaded at the same points or along 
the same lines, or loaded similarly, and if the total loads are the same 
the following relations hold: the deflections in (b) will be r? times those 
in (a) at corresponding points; the slopes in (b) will consequently be r 
times the corresponding slopes in (a); and the curvatures and twists 
in (b) will be equal to the curvatures and twists in (a). Then the 
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bending moments and twisting moments per unit of length will be 
equal at corresponding points in the two structures. The shear per 
unit of length in (b) will be 1/r times the corresponding shears in (a), 
and the reactions in (b) will have the same relations to the reactions 
in (a) as the shears have. Consequently, line loads per unit of length 
in (b) must be 1/r times the corresponding line loads in (a), and total 
loads must be equal in the two structures. From this requirement 
one readily derives the fact that distributed loads per unit of area in 
(b) must be 1/r? times the corresponding quantities in (a). 

Now consider the slab shown in Fig. 8 (a) only. Let the quantity 
N be changed for each panel in the same proportion; then the quan- 
tity El for the various beams must be changed in the same proportion 
also. With the loads unchanged, the moments, reactions, and shears 
will be unchanged. However, the slopes and the deflections will be 
changed so as to vary as 1/N at corresponding points. 
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The use of these principles permits one to write moment coeffi- 
cients and reaction coefficients for given loadings on similar structures 
from the results obtained in a particular numerical case. That is, if 
in a particular type of structure (say, for example, a single panel of a 
slab simply supported on three sides, and supported on the fourth 
side by a flexible beam) one finds for a load of 2000 lb. at a given 
point a moment of 100 lb. at the load point in the x direction, one may 
write the general relationship that in a similar structure the moment 
under the load in the z direction is 1/20th the load. 


V. TABULATED NUMERICAL CONSTANTS 


22. Tabulated Numerical Constants for Use in the Distribution Pro- 
cedure.—Tables 1 to 13, inclusive, contain numerical values for the 
constants entering into the analysis by means of the distribution 
procedure. The numerical values given are reported generally to 
six or more significant figures for the larger numbers. This is, of 
course, considerably greater accuracy than is required or justified in 
any analysis of slabs. One may take only as many significant figures 
from the table as are desired, however, in an analysis. 

For a panel of a slab, the various stiffnesses are obtained from 
Table 1; the carry-over factors from Table 2; the fixed-end moments 
for line loads from Table 3; the fixed-end reactions for line loads 
from Table 4; the fixed-end moments and fixed-end reactions for 
distributed loads from Table 5. 

Values of bending moments, twisting moments, and deflections” 
within a panel of a slab due to a deflection combined with a moment 
at one edge are obtained from Tables 6 and 7; and those due to a 
moment without deflection at one edge, from Tables 8, 9, 10, and 11. 

Table 12 contains asummary of the various formulas applying to a 
slab infinitely long in one direction. These formulas are obtained by 
letting b approach infinity in the corresponding expressions for the 
finite slab. Some numerical values of the dimensionless coefficients 
stated in Table 12 are given in Table 13. 
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TABLE 1 


UMERICAL VALUES OF DIMENSIONLESS COEFFICIENTS IN THE EXPRESSIONS FOR 
THE STIFFNESSES OF A PANEL or A SLAB 
The various stiffnesses are defined in Fig. 6, and are expressed as follows: 


Page. N N N N 
j K Ck> Ss Cs>> T=Cras ela. pak Qratdin Oprets: 
Ratio of Sides 
of Panel Cr Cs Cr Cu=0 Cun0.2 
b/s 
0.0 4.00000 3.00000 12.00000 6.00900 6.00000 
0.1 4.02634 3.03944 12. 24043 6.02022 6.03996 
0.2 4.10565 3.15729 13 .00444 6.08658 6.16554 
0.3 4.23864 3.35198 14.41982 6.21566 6.39331 
0.4 4.42617 3.62049 16. 69787 6.43331 6.74914 
0.5 4.66875 3.95801 20.12906 6.77209 7.26557 
0.6 4.96608 4.35792 25 07433 7.26783 7.97844 
‘ 0.7 5.31663 4.81204 31.95119 7.95581 8.92303 
0.8 5.71739 5.31138 - 41. 21523 8.86708 10.13039 
f 0.9 6.16397 5.84689 53 .33967 10.02565 11. 62453 
i 1.0 6.65086 6.41019 68.7962 11.44703 13.42095 
? 2 ae 7.17191 6.99406 88.0405 13 .13818 1552663 
: 1.2 7.72088 7.59266 111.5041 15 .09880 17.94124 
' 1.3 8.29187 8.20150 139.5926 1732325 20.65918 
1.4 8.87967 8.81726 172.6888 19.80277 23 .67166 
1.5 9.47993 9.43761 211.1584 2252733 26.96865 
1.6 10.08916 10.06094 255 .3563 25 .48704 30.54027 
Lz 10.70472 10.68617 305.6321 28 67304 34.37768 
1.8 11.32463 11.31259 362.3342 32.07791 38 47342 
1.9 11.94748 11.93976 425.8127 35 69572 42 82157 
2.0 12.57228 12.56738 496.4207 39.52192 47.41761 
2.1 13 . 19837 13 .19529 574.5147 43 55316 52.25815 
2.2 13 .82528 13 82336 660.4544 47 .78701 5734078 
2.3 14.45272 14.45153 754.6025 52.22176 62. 66380 
2.4 15 .08049 15 .07976 857.3244 56. 85623 68. 22601 
2.5 15 .70848 15 .70803 968 .987 61. 68962 74.02662 
2.6 16.33659 16.33632 1089 .959 66.72139 80.06509 
2.7 16.96479 16.96462 1220.610 71.95119 86.34108 
2.8 17.59303 17 .59293 1361.310 77 .37879 92.85433 
2.9 18.22130 18.22125 1512.431 83 00405 99 60472 
3.0 18. 84960 18. 84956 1674 .343 88.8269 106.5921 
shee k 19.47790 19.47788 1847 .419 94.8471 113.8165 
3.2 20.10621 20.10619 2032 .029 101.0649 121.2779 
3.3 20.73452 20.73451 2228 546 107.4801 128.9761 
3.4 21.36283 21.36283 2437 .342 114.0927 136.9112 
3.5 21.99115* Cs = Cx 2658 .789* 120.9027* 145 .0832* 
3.6 2261947 Cs =Cx 2893 . 258 127.9101 153.4921 
nleyé 23 24779 Cs = Cx 3141.122 135.1149 162.1379 
3.8 23 .87610 Cs = Cx 3402. 753 142.5171 171.0205 
3.9 24.50442 Cs =Cx 3678 .523 150.1167 180.1400 
4.0 25. 13274 Cs = Cx 3968. 803 157.9137 189.4964 
4.2 2638938 Cs = Cx 4594 386 174.0998 208.9198 
4.4 27 64602 Cs = Cx 5282.477 191.0755 229.2906 
4.6 28 .90265 Cs = Cx 6036 .054 208 .8408 250.6090 
4.8 30. 15929 Cs = Cx 6858 .092 227.3957 272.8748 
5.0 31.41593 Cs = Cx 7751.57 246.7401 296.0881 
5.2 32.67256 Cs =Ckx 8719.46 266.8741 320.2489 
5.4 33 .92920 Cs = Cx 9764.74 287.7977 345.3572 
5.6 35. 18584 Cs=Cx 10890 .40 309.5108 371.4130 
5.8 36.44247 Cs = Cx 12099 .39 332.0135 398.4162 
6.0 37.69911 Cs =Cx 13394.71 355.3058 426.3669 


*Note: For values of b/s greater than 3.4 the following expressions are correct to the number of 
significant figures given in the table: 


b 

Cx = Cs = 22 f = 6.283185 5 
bs menue 

Cr = 273 or] = 62.01255 3 


b2 b2 
Cg = (1 +p») 7? es (1 + u) 9.869604 3 
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TABLE 2 
NuMerRIcAL VALUES OF CARRY-OVER FACTORS FOR A PANEL OF A SLAB 
The various carry-over factors are defined in Fig. 6. ‘ 
1des 0! =0 =0.1 =0.2 w= 0.3 
Panel i ; * = ¥ 2 

b/s 

0.0 0.500000 1.000000 1.000000 1.000000 1.000000 1.000000 
0.1 0.495087 0.999602 0.999866 0.998229 0.996598 0.994972 
0.2 0.480613 0.994009 0.997894 0.991464 0.985115 0.978847 
0.3 0.457369 0.972670 0.989736 0.975791 0.962234 0.949048 
0.4 0.426646 0.925569 0.969406 0.946181 0.924042 0.902916 
0.5 0.390170 0.849907 0.931263 0.898525 0.868011 0.839501 
0.6 0.349949 0.751965 0.872354 0.831695 0.794657 0.760777 
0.7 0.308070 0.643339 0.794036 0.748535 0.707966 0.671568 
0.8 0.266482 0.535479 0.701815 0.655145 0.614295 0.578240 
0.9 0.226806 0.436383 0.603461 0.558895 0.520459 0.486970 
1.0 0.190226 0.350080 0.506572 0.466362 0.432067 0.402469 
ilgil 0.157474 0.277610 0.416860 0.382126 0.352735 0.327542 
1.2 0.128865 0.218251 0.337621 0.308575 0.284131 0.263276 
18 0.104396 0.170459 0.270050 0.246332 0.226443 0.209527 
1.4 0.083833 0.132447 0.213905 0.194869 0.178945 0.165426 
1.5 0.066809 0.102482 0.168139 0.153052 0.140449 0.129764 
1.6 0.052889 0.079019 0.131359 0.119512 0.109624 0.101248 
ez 0.041627 0.060747 0.102116 0.092877 0.085171 0.078645 
1.8 0.032598 0.046577 0.079055 0.071889 0.065914 0.060856 
1.9 0.025413 0.035630 0.060988 0.055453 0.050839 0.046934 
2.0 0.019734 0.027200 0.046908 0.042648 0.039097 0.036092 
Bs 0.015270 0.020724 0.035983 0.032714 0.029989 0.027683 
2.2 0.011779 0.015763 0.027537 0.025035 0.022949 0.021184 
2) 83 0.009060 0.011971 0.021029 0.019118 0.017525 0.016177 
2.4 0.006952 0.009078 0.016028 0.014571 0.013357 0.012330 
2.5 0.005322 0.006874 0.012195 0.011087 0.010163 0.009381 
2.6 0.004065 0.005199 0.009264 0.008422 0.007720 0.007126 
On 0.003099 0.003928 0.007027 0.006388 0.005856 0.005405 
2.8 0.002359 0.002964 0.005322 0.004839 0.004435 0.004094 
2.9 0.001792 0.002234 0.004026 0.003660 0.003355 0.003097 
3.0 0.001360 0.001683 0.003042 0.002766 0.002535 0.002340 = 
3.1 0.001030 0.001266 0.002296 0.002087 0.001913 0.001766 
32 0.000780 0.000952 0.001731 0.001574 0.001443 0.001332 
3.3 0.000589 0.000715 0.001304 0.001185 0.001087 0.001003 
3.4 0.000445 0.000537 0.000981 0.000892 0.000818 0.000755 
3.5 0.000335 0.000402 0.000738 0.000671 0.000615 0.000568 
3.6 0.000253 0.000302 0.000554 0.000504 0.000462 0.000426 
B07, 0.000190 0.000226 0.000416 0.000378 0.000347 0.000320 
3.8 0.000143 0.000169 0.000312 0.000284 0.000260 0.000240 
3.9 0.000107 0.000127 0.000234 0.000213 0.000195 0.000180 
4.0 0.000081 0.000095 0.000175 0.000159 0.000146 0.000135 
4.2 0.000045 0.000053 0.000098 0.000089 0.000082 0.000076 
4.4 0.000025 0.000029 0.000055 0.000050 0.000046 0.000042 
4.6 0.000014 0.000016 0.000031 0.000028 0.000026 0.000024 
4.8 0.000008 0.000009 0.000017 0.000015 0.000014 0.000013 
5.0 0.000004 0.000005 0.000009 0.000009 0.000008 0.000007 
5.2 0.000002 0.000003 0.000005 0.000005 0.000004 0.000004 
5.4 0.000001 0.000002 0.000003 0.000003 0.000002 0.000002 
5.6 0.000001 0.000001 0.000002 0.000001 0.000001 0.000001 
5.8 0.000000 0.000000 0.000001 0.000001 0.000001 0.000001 
6.0 0.000000 0.000000 0.000000 0.000000 0.000000 0.000000 


ANALYSIS OF SLABS CONTINUOUS OVER FLEXIBLE BEAMS 53 


TABLE 3 
NUMERICAL VALUES OF THE COEFFICIENT IN THE EXPRESSION FoR FIxnp-ENnp 
Moment tn a Stas Due To « Line Loap 


The moment at a fixed edge for a loading F = Fy sin ax/s on a line a distan f: the ed; 
when the opposite edge is also fixed, is expressed as MF = —Cy-Fb. Th aiok Ce ate tabulated 
for various values of v/b, where b is the span between fixed ot Sao a ae 


a i ee SS 
Values of Car 2 
a eres cee ee Se ee ee ee a se 
v/b = 0.1 | 0/b = 0.2 | 0/b = 0.3 | 1/b = 0.4 | 0/b = 0.5 | 0/b = 0.6 | 0/d = 0.7 v/b = 0.8 | »/b = 0.9 


0.081000 | 0.128000 | 0.147000 | 0.144000 | 0.125000 | 0.096000 | 0.063000 | 0.032000 | 0.0 

0.080901 | 0.127714 | 0.146550 | 0.143469 | 0.124486 | 0.095583 | 0.062724 | 0.031865 | 0. oosves 
0.080605 | 0.126853 | 0.145199 | 0.141876 | 0.122941 | 0.094329 | 0.061893 | 0.031457 | 0.008860 
0.080109 | 0.125416 | 0.142947 | 0.139219 | 0.120364 | 0.092232 | 0.060500 | 0.030771 | 0.008681 
0.078412 | 0.123405 | 0.139799 | 0.135509 | 0.116763 | 0.089297 | 0.058541 | 0.029799 | 0.008426 


0.078516 | 0.120829 | 0.135779 | 0.130779 | 0.112171 | 0.085544 | 0.056025 | 0.928542 | 0.008092 
0.077425 | 0.117714 | 0.130939 | 0.125097 | 0.106656 | 0.081031 | 0.052986 0: $7012 0.007680 
0.076152 | 0.114105 | 0.125364 | 0.118575 | 0.100336 | 0.075852 | 0.049485 | 0.025237 | 0.007198 
0.074714 | 0.110066 | 0.119172 | 0.111370 | 0.093373 | 0.070146 | 0.045616 | 0.023262 | 0.006655 
0.073133 | 0.105679 | 0.112510 | 0.103672 | 0.085964 | 0.064082 | 0.041496 | 0.021147 | 0.006067 


0.071437 | 0.101038 | 0.105542 | 0.095691 | 0.078327 | 0.057848 | 0.037257 | 0.018960 | 0.005454 
0.069655 | 0.096239 | 0.098434 | 0.087637 | 0.070679 | 0.051630 | 0.033030 | 0.016772 | 0.004836 
0.067815 | 0.091374 | 0.091340 | 0.079700 | 0.063213 | 0.045597 | 0.028936 | 0.014648 | 0.004232 
0.065944 | 0.086525 | 0.084394 | 0.072042 | 0.056091 | 0.039882 | 0.025072 | 0.012639 | 0.003657 
0.064063 | 0.081758 | 0.077698 | 0.064783 | 0.049429 | 0.034588 | 0.021507 | 0.010787 | 0.003123 


0.062191 | 0.077125 | 0.071329 | 0.058006 | 0.043302 | 0.029772 | 0.018285 | 0.009114 | 0.002640 
0.060342 | 0.072662 | 0.065335 | 0.051756 | 0.037747 | 0.025460 | 0.015423 | 0.007631 | 0.002210 
0.058525 | 0.068393 | 0.059741 | 0.046052 | 0.032771 | 0.021653 | 0.012919 | 0.006338 | 0.001833 
0.056747 | 0.064330 | 0.054554 | 0.040887 | 0.028356 | 0.018329 | 0.010757 | 0.005227 | 0.001509 
0.055013 | 0.060479 | 0.049769 | 0.036240 | 0.024471 | 0.015455 | 0.008909 | 0.004283 | 0.001234 


0.053325 | 0.056838 | 0.045372 | 0.032079 | 0.021072 | 0.012989 | 0.007346 | 0.003490 | 0.001002 
0.051684 | 0.053403 | 0.041341 | 0.028369 | 0.018115 | 0.010887 | 0.006034 | 0.002830 | 0.000810 
0.050091 | 0.050168 | 0.037655 | 0.025069 | 0.015552 | 0.009105 | 0.004939 | 0.002284 | 0.000651 
0.048545 | 0.047123 | 0.034288 | 0.022141 | 0.013338 | 0.007601 | 0.004032 | 0.001837 | 0.000520 
0.047046 | 0.044260 | 0.031217 | 0.019547 | 0.011429 | 0.006336 | 0.003283 | 0.001472 | 0.000415 


0.045592 | 0.041569 | 0.028417 | 0.017252 | 0.009788 | 0.005275 | 0.002668 | 0.001176 | 0.000329 
0.044182 | 0.039040 | 0.025866 | 0.015223 | 0.008378 | 0.004387 | 0.002164 | 0.000937 | 0.000260 
0.042816 | 0.036664 | 0.023543 | 0.013431 | 0.007169 | 0.003646 | 0.001753 | 0.000745 | 0.000205 
0.041493 | 0.034432 | 0.021427 | 0.011848 | 0.006132 | 0.003028 | 0.001418 | 0.000590 | 0.000161 
0.040209 | 0.032335 | 0.019501 | 0.010451 | 0.005244 | 0.002513 | 0.001145 | 0.000467 | 0.000126 


0.038966 | 0.030367 | 0.017748 | 0.009218 | 0.004484 | 0.002085 | 0.000924 | 0.000369 | 0.000099 
0.037761 | 0.028518 | 0.016152 | 0.008131 | 0.003834 | 0.001729'| 0.000746 | 0.000291 | 0.000077 
0.036593 | 0.026781 | 0.014700 | 0.007171 | 0.003278 | 0.001434 | 0.000601 | 0.000229 | 0.000060 
0.035461 | 0.025150 | 0.013378 | 0.006325 | 0.002802 | 0.001189 | 0.000484 | 0.000180 | 0.000047 
0.034365 | 0.023619 | 0.012174 | 0.005578 | 0.002395 | 0.000985 | 0.000390 | 0.000142 | 0.000036 


0.033302 | 0.022180 | 0.011080 | 0.004919 | 0.002047 | 0.000816 | 0.000313 | 0.000111 | 0.000028 
0.032272 | 0.020829 | 0.010083 | 0.004338 | 0.001750 | 0.000677 | 0.000252 | 0.000087 | 0.000022 
0.031274 | 0.019561 | 0.009176 | 0.003826 | 0.001495 | 0.000561 | 0.000203 | 0.000068 | 0.000017 
0.030307 | 0.018370 | 0.008351 | 0.003374 | 0.001278 | 0.000464 | 0.000163 | 0.000054 | 0.000013 
0.029369 | 0.017251 | 0.007600 | 0.002976 | 0.001092 | 0.000385 | 0.000131 | 0.000042 | 0.000010 


0.028461 | 0.016201 | 0.006916 | 0.002625 | 0.000934 | 0.000319 | 0.000105 | 0.000033 | 0.000008 
0.026728 | 0.014287 | 0.005728 | 0.002041 | 0.000682 | 0.000219 | 0.000068 | 0.000020 | 0.000005 
0.025100 | 0.012600 | 0.004744 | 0.001588 | 0.000498 | 0.000150 | 0.000044 | 0.000012 | 0.000003 
0.023571 | 0.011112 | 0.003929 | 0.001235 | 0.000364 | 0.000103 | 0.000028 | 0.000007 | 0.000002 
0.022136 | 0.009800 | 0.003254 | 0.000960 | 0.000266 | 0.000071 | 0.000018 | 0.000005 | 0.000001 


0.020788 | 0.008643 | 0.002695 | 0.000747 | 0.000194 | 0.000048 | 0.000012 | 0.000003 | 0.000001 
0.019522 | 0.007622 | 0.002232 | 0.000581 | 0.000142 | 0.000033 | 0.000008 | 0.000002 | 0.000000 
0.018333 | 0.006722 | 0.001849 | 0.000452 | 0.000104 | 0.000023 | 0.000005 | 0.000001 | 0.000000 
0.017217 | 0.005928 | 0.001531 | 0.000351 | 0.000076 | 0.000016 | 0.000003 | 0.000001 | 0.000000 
0.016168 | 0.005228 | 0.001268 | 0.000273 | 0.000055 | 0.000011 | 0.000002 | 0.000000 | 0.000000 
0.015184 | 0.004611 | 0.001050 | 0.000213 | 0.000040 | 0.000007 | 0.000001 | 0.000000 | 0.000000 
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TABLE 4 


NuMERICAL VALUES OF THE COBPFFICIENT IN THE EXPRESSION FOR FIxEp-END 
REACTION IN A SLAB DuE To A Ling Loap 


for various values of v/b, where b is the span between fixed edges. 


b/s 

»/b = 0.1 | o/b = 0.2 | o/b = 0.3 | o/b = 0.4 
0.0 0.972000 | 0.896000 | 0.784000 | 0.648000 
0.1 0.971934 | 0.895843 | 0.783816 | 0.647874 
0.2 0.971715 | 0.895304 | 0.783154 | 0.647356 
0.3 0.971278 | 0.894192 | 0.781695 | 0.646044 
0.4 0.970526 | 0.892213 | 0.778959 | 0.643334 
0.5 0.969338 | 0.889015 | 0.774374 | 0.638516 
0.6 0.967586 | 0.884236 | 0.767368 | 0.630889 
0.7 0.965153 | 0.877556 | 0.757458 | 0.619882 
0.8 0.961942 | 0.868745 | 0.744331 | 0.605151 
0.9 0.957895 | 0.857696 | 0.727889 | 0.586638 
1.0 0.952990 | 0.844430 | 0.708264 | 0.564579 
1.1 0.947244 | 0.829088 | 0.685784 | 0.539457 
12 0.940705 | 0.811901 | 0.660922 | 0.511927 
1.3 0.933439 | 0.793157 | 0.634226 | 0.482726 
1.4 0.925526 | 0.773162 | 0.606263 | 0.452588 
1.5 0.917044 | 0.752217 | 0.577563 | 0.422186 
1.6 0.908070 | 0.730599 | 0.548596 | 0.392089 
17 0.898673 | 0.708547 | 0.519753 | 0.362755 
hes) 0.888915 | 0.686265 | 0.491345 | 0.334521 
1.9 0.878846 | 0.663918 | 0.463610 | 0.307625 
2.0 0.868512 | 0.641641 | 0.436721 | 0.282215 
Oeil 0.857950 | 0.619541 | 0.410801 | 0.258373 
2.2 0.847193 | 0.597701 | 0.385928 | 0.236124 
2.3 0.836268 | 0.576190 | 0.362151 | 0.215455 
2.4 0.825201 | 0.555060 | 0.339490 | 0.196325 
2.5 0.814013 | 0.534351 | 0.317952 | 0.178675 
2.6 0.802725 | 0.514096 | 0.297524 | 0.162433 
af 0.791854 | 0.494320 | 0.278189 | 0.147521 
2.8 0.779917 | 0.475043 | 0.259917 | 0.133855 
2.9 0.768430 | 0.456277 | 0.242677 | 0.121352 
3.0 0.756907 | 0.438034 | 0.226433 | 0.109932 
3.1 0.745361 | 0.420319 | 0.211146 | 0.099513 
3.2 0.733805 | 0.403137 | 0.196776 | 0.090020 
B03) 0.722251 | 0.386488-| 0.183282 | 0.081381 
3.4 0.710710 | 0.370372 | 0.170623 | 0.073525 
3.5 0.699191 | 0.354785 | 0.158758 | 0.066390 
3.6 0.687705 | 0.339723 | 0.147647 | 0.059914 
ay 0.676261 | 0.325180 | 0.137250 | 0.054041 
3.8 0.664867 | 0.311148 | 0.127529 | 0.048720 
3.9 0.653531 | 0.297619 | 0.118446 | 0.043902 
4.0 0.642260 | 0.284584 | 0.109966 | 0.039542 
4.2 0.619941 | 0.259955 | 0.094673 | 0.032037 
4.4 0.597958 | 0.237174 | 0.081390 | 0.025915 
4.6 0.576354 | 0.216149 | 0.069876 | 0.020932 
4.8 0.555163 | 0.196782 | 0.059916 | 0.016884 
5.0 0.534416 | 0.178974 | 0.051316 | 0.013601 
5.2 0.514137 | 0.162629 | 0.043903 | 0.010943 
5.4 0.494346 | 0.147648 | 0.037522 | 0.008795 
5.6 0.475058 | 0.133937 | 0.032038 | 0.007062 
5.8 0.456287 | 0.121406 | 0.027330 | 0.005664 
6.0 0.438040 | 0.109966 | 0.023295 | 0.004539 


Values of Cz 


v/b = 0.5 


0.500000 
0.499987 
0.499801 
0.499018 
0.497004 


0.493019 
0.486335 
0.476369 
0.462785 
0.445553 


0.424953 
0.401526 
0.375982 
0.348107 
0.321669 


0.294357 
0.267739 
0.242249 
0.218191 
0.195756 


0.175040 
0.156067 
0.138805 
0.123189 
0.109126 


0.096510 
0.085230 
0.075171 
0.066223 
0.058280 


0.051241 
0.045013 
0.039510 
0.034654 
0.030373 


0.026604 
0.023289 
0.020375 
0.017815 
0.015569 


0.013600 
0.010362 
0.007882 
0.005985 
0.004539 


0.003437 
0.002600 
0.001964 
0.001482 
0.001117 
0.000841 


v/b = 0.6 


0.352000 
0.352102 
0.352277 
0.352145 
0.351139 


0.348596 
0.343864 
0.336420 
0.325963 
0.312467 


0.296182 
0.277587 
0.257315 
0.236059 
0.214493 


0.193212 
0.172697 
0.153307 
0.135278 
0.118747 


0.103763 
0.090312 
0.078336 
0.067745 
0.058434 


0.050289 
0.043192 
0.037032 
0.031701 
0.027099 


0.023136 
0.019731 
0.016810 
0.014308 
0.012167 


0.010339 
0.008780 
0.007450 
0.006318 
0.005354 


0.004536 
0.003249 
0.002323 
0.001658 
0.001182 


0.000841 
0.000598 
0.000424 
0.000301 
0.000213 
0.000151 


v/b = 0.7 


0.216000 
0.216166 
0.216565 
0.216915 
0.216796 


0.215709 
0.213164 
. 208761 
202259 
- 193620 


. 183011 
-170770 
157349 
143247 
- 128952 


114892 
-101413 
0.088768 
0.077121 
0.066560 


0.057109 
0.048746 
0.041418 
0.035049 
0.029554 


0.024840 
0.020820 
0.017407 
0.014520 
0.012088 


0.010045 
0.008334 
0.006904 
0.005712 
0.004720 


0.003896 
0.003213 
0.002647 
0.002179 
0.001792 


0.001473 
0.000993 
0.000668 
0.000448 
0.000300 


0.000201 
0.000134 
0.000090 
0.000060 
0.000040 
0.000026 
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v/b = 0.8 


0.104000 
0.104147 
0.104533 
0.105000 
0.105310 


0.105181 
0.104328 
0.102516 
0.099592 
0.095515 


0.090360 
0.084296 
0.077561 
0.070425 
0.063152 


0.055980 
0.049099 
0.042651 
0.036729 
0.031382 


0.026626 
0.022447 
0.018817 
0.015693 
0.013027 


0.010769 
0.008868 
0.007278 
0.005955 
0.004858 


0.003953 
0.003208 
0.002599 
0.002101 
0.001695 


0.001366 
0.001098 
0.000882 
0.000707 
0.000567 


0.000453 
0.000289 
0.000184 
0.000117 
0.000074 


0.000047 
0.000029 
0.000018 
0.000011 
0.000007 
0.000005 


The reaction at a fixed edge for a loading F = Fo sin 7z/s on a line a distance v from the edge, 


when the opposite edge is also fixed, is expressed as RF = —Cr- F. The values of Cr are tabulat 


v/b = 0.9 


0.028000 
0.028063 
0.028234 
0.028465 
0.028685 


0.028804 
0.028785 
0.028399 
0.027742 
0.026745 


0.025419 
0.023810 
0.021982 
0.020014 
0.017983 


0.015960 


0.007551 
0.006345 
0.005297 
0.004396 
0.003628 


0.002980 
0.002437 
0.001984. 
0.001609 
0.001301 


0.001048 
0.000841 
0.000674 
9.000538 
0.000429 


0.000341 
0.000270 
0.000214 
0.000169 
0.000133 


0.000105 
0.000065 
0.000040 
0.000024 
0.000015 


0.000009 
0.000005 
0.000003 
0.000002 
0.000001 
0.000001 
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TABLE 5 r, 
NumericaL VALUES OF THE COEFFICIENTS IN THE EXPRESSIONS FOR FIxED-END 
MoMENT AND REACTION IN A SxaB Due To a DistriputTEep Loap 


The moment MF and the reaction RF at a fixed edge for a loading p = po sin ra/s over the whol 
slab, when the opposite edge is also fixed, are expressed as MF = —cm- b2p, and RP is —c,* bp, whee 
-b is the span between fixed edges, and po is a constant. 


; 
; 


Cm Cr 


b/s Cm Cr b/s 
b 0.0 0.0833333 0.500000 2.5 0.0160149 0.252908 
0.1 0.0830590 0.499993 2.6 0.0148501 0.243587 
0.2 0.0822345 0.499894 2.4 0.0138013 0.234862 
0.3 0.0808570 0.499475 2.8 0.0128550 0.226692 
0.4 0.0789279 0.498396 2.9 0.0119993 0.219035 
0.5 0.0764603 0.496255 3.0 0.0112237 0.211850 
0.6 0.0734864 0.492650 3.1 0.0105191 0.205102 
0.7 0.0700623 0.487250 3.2 0.0098775 0.198755 
0.8 0.0662685 0.479848 3.3 0.0092919 0.192777 
0.9 0.0622055 0.470398 3.4 0.0087562 0.187141 
1.0 0.0579852 0.459013 3.5 0.0082650 0.181818 
eT 0.0537202 0.445947 3.6 0.0078137 0.176785 
£2 0.0495136 0.431552 3.7 0.0073980 0.172021 
1.3 0.0454517 0.416224 3.8 0.0070145 ° 0.167503 
1.4 0.0415996 0.400358 3.9 0.0066599 0.163215 
1.5 0.0380011 0.384315 4.0 0.0063315 0.159140 
1.6 0.0346801 0.368398 4.2 0.0057433 0.151568 
‘les 0.0316446 0.352847 4.4 0.0052332 0.144682 
1.8 0.0288902 0.337835 4.6 0.0047882 0.138393 
:) 0.0264042 0.323481 4.8 0.0043975 0.132628 
2.0 0.0241687 0.309852 5.0 0.0040528 0.127323 
2.1 0.0221630 0.296982 b.2 0.0037471 0.122427 
2.2 0.0203654 0.284874 5.4 0.0034747 0.117892 
2.3 0.0187547 0.273512 5.6 0.0032309 0.113682 
2.4 0.0173108 0.262870 5.8 0.0030119 0.109762 
6.0 0.0028145 0.106103 


Note: For values of b/s greater than 6.0 the following expressions are correct to the number of 
significant figures given in the table: 


Cm = 7 = 0.101321 


8 8 
Boer 0.636620 3° 
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TABLE 6 


NuMERICAL VALUES OF THE COEFFICIENTS IN THE EXPRESSIONS FOR BENDING Mo- 
MENTS PER Unit or LENGTH AND FOR DEFLECTIONS IN A SIMPLY-SUPPORTED 
PANEL oF A SLAB Dur To A DEFLECTION OF ONE EDGE oF PANEL 
ComBINED With A Moment on TuHat EDGE 

ers # Nx? 


A deflection A = Ao sin rz/s combined with a moment —Mw = ————_ : Aosin rx/s, is’ 


lied at the edge, on the line y = 0, of a slab simply supported on all the ie edges. The bending 
aunts M, nod BE y on the line y = 2 are given by the equation Mz = — =C-+Mw». The deflec- 
tion w on the line y = 0 is given by the equation w = C- A. The span of the panel of the slab in the y 
direction is b. 


Values of C 


b/s 
v/b = 0.1 | 0/b = 0.2 | o/b = 0.8 | v/b = 0.4 | v/b = 0.5 | 0/b = 0.6 | 0/b = 0.7 | 0/b = 0.8 | 0/b = 


900000 | 0.800000 | 0.700000 | 0.600000 | 0.500000 | 0.400000 | 0.300000 | 0.200000 | 0.100000 
0.897208 0.795302 | 0.694180 | 0.593744 | 0.493894 | 0.394532 | 0.295559 | 0.196877 | 0.098390 
0.889075 | 0.781660 | 0.677333 | 0.575681 | 0.476302 | 0.378803 | 0.282801 | 0.187916 | 0.093773 
0.876263 | 0.760316 | 0.651127 | 0.547727 | 0.449195 | 0.354656 | 0.263270 | 0.174224 | 0.086726 
0.859700 | 0.732995 | 0.617879 | 0.512533 | 0.415292 | 0.824617 | 0.239076 | 0.157314 | 0.078040 


0.840388 | 0.701555 | 0.580068 | 0.472922 | 0.377470 | 0.291350 | 0.212434 | 0.138771 | 0.068538 
0.819255 | 0.667705 | 0.539949 | 0.431435 | 0.338296 | 0.257212 | 0.185294 | 0.119979 | 0.058939 
0.797069 | 0.632840 | 0.499340 | 0.390086 | 0.299773 | 0.224016 | 0.159137 | 0.101984 | 0.049783 
0.774413 | 0.598000 | 0.459559 | 0.350299 | 0.263283 | 0.192985 | 0.134941 | 0.085466 | 0.041418 
0.751700 | 0.563896 | 0.421472 | 0.312968 | 0.229650 | 0.164815 | 0.113243 | 0.070785 | 0.034023 


0.729208 | 0.530979 | 0.385589 | 0.278568 | 0.199268 | 0.139798 | 0.094238 | 0.058057 | 0.027653 
0.707110 | 0.499509 | 0.352155 | 0.247278 | 0.172225 | 0.117946 | 0.077893 | 0.047235 | 0.022274 
0.685512 | 0.469609 | 0.321243 | 0.219076 | 0.148414 | 0.099097 | 0.064031 | 0.038174 | 0.017807 
0.664470 | 0.441320 | 0.292810 | 0.193823 | 0.127615 | 0.082992 | 0.052404 | 0.030680 | 0.014144 
0.644013 | 0.414628 | 0.266752 | 0.171314 | 0.109554 | 0.069330 | 0.042735 | 0.024542 | 0.011173 


0.624150 | 0.389485 | 0.242925 | 0.151317 | 0.093936 | 0.057805 | 0.034750 | 0.019555 | 0.008784 
0.604877 | 0.365829 | 0.221175 | 0.133590 | 0.080475 | 0.048124 | 0.028190 | 0.015530 | 0.006878 
0.586188 | 0.343588 | 0.201341 | 0.117901 | 0.068898 | 0.040017 | 0.022825 | 0.012299 | 0.005366 
0.568069 | 0.322685 | 0.183267 | 0.104031 | 0.058958 | 0.033246 | 0.018452 | 0.009717 | 0.004173 
0.550506 | 0.303046 | 0.166804 | 0.091778 | 0.050435 | 0.027602 | 0.014898 | 0.007661 | 0.003237 


0.533483 | 0.284598 | 0.151813 | 0.080960 | 0.043133 | 0.022903 | 0.012016 | 0.006030 | 0.002504 
0.516986 | 0.267271 | 0.138166 | 0.071411 | 0.036882 | 0.018996 | 0.009683 | 0.004739 | 0.001933 
0.500998 | 0.250997 | 0.125743 | 0.062986 | 0.031532 | 0.015751 | 0.007797 | 0.003719 | 0.001489 
0.485504 | 0.235713 | 0.114436 | 0.055552 | 0.026956 | 0.013056 | 0.006275 | 0.002916 | 0.001146 
0.470489 | 0.221359 | 0.104145 | 0.048995 | 0.023042 | 0.010821 | 0.005048 | 0.002283 | 0.000880. 


0.455938 | 0.207879 | 0.094779 | 0.043210 | 0.019695 | 0.008967 | 0.004059 | 0.001787 0.000674 
0.441837 | 0.195220 | 0.086255 | 0.038109 | 0.016834 | 0.007429 | 0.003263 | 0.001397 | 0.000516 
0.428172 | 0.183331 | 0.078497 | 0.033609 | 0.014388 | 0.006155 | 0.002622 | 0.001092 | 0.000395 


0.414930 | 0.172167 | 0.071437 | 0.029641 | 0.012297 | 0.005099 | 0.002107 | 0.000853 | 0.000302 
0.402097 | 0.161682 | 0.065012 | 0.026141 | 0.010510 | 0.004224 | 0.001692 | 0.000665 | 0.000230 
0.389661 | 0.151836 | 0.059164 | 0.023054 | 0.008983 | 0.003499 | 0.001359 | 0.000519 | 0.000176 
0.377610 | 0.142589 | 0.053843 | 0.020332 | 0.007677 | 0.002898 | 0.001092 | 0.000405 | 0.000134 
0.365931 | 0.133906 | 0.049000 | 0.017931 | 0.006561 | 0.002400 | 0.000877 | 0.000316 | 0.000102 
0.354614 | 0.125751 | 0.044593 | 0.015813 | 0.005607 | 0.001988 | 0.000704 | 0.000246 | 0.000078 
0.343647 | 0.118093 | .0.040582 | 0.013946 | 0.004792 | 0.001647 | 0.000565 | 0.000192 | 0.400059 
0.333018 | 0.110901 | 0.036932 | 0.012299 | 0.004096 | 0.001364 | 0.000454 | 0.000149 | 0.000045 
0.322719 | 0.104148 | 0.033610 | 0.010847 | 0.003500 | 0.001130 | 0.000364 | 0.000116 | 0.000034 


0.312738 | 0.097805 | 0.030587 | 0.009566 | 0.002992 | 0.000936 | 0.000292 | 0.000091 | 0.000026 
0.303066 | 0.091849 | 0.027836 | 0.008436 | 0.002557 | 0.000775 | 0.000235 | 0.000071 | 0.000020 
0.293693 | 0.086255 | 0.025333 | 0.007440 | 0.002185 | 0.000642 | 0.000188 | 0.000055 | 0.000015 


0.284610 | 0.081003 | 0.023054 | 0.006561 | 0.001867 | 0.000531 | 0.000151 | 0.000043 | 0.000011 
0.267277 | 0.071437 | 0.019094 | 0.005103 | 0.001364 | 0.000365 | 0.000097 | 0.000026 | 0.000006 
0.251000 | 0.063001 | 0.015813 | 0.003969 | 0.000996 | 0.000250 | 0.000063 | 0.000016 | 0.000004 
0.235715 | 0.055561 | 0.013097 | 0.003087 | 0.000728 | 0.000172 | 0.000040 | 0.000010 | 0.000002 
0.221360 | 0.049000 | 0.010847 | 0.002401 | 0.000531 | 0.000118 | 0.000026 | 0.000006 | 0.000001 


0.207880 | 0.043214 | 0.008983 | 0.001867 | 0.000388 | 0.000081 | 0.000017 | 0.000003 | 0.000001 
0.195220 | 0.038111 | 0.007440 | 0.001452 | 0.000284 | 0.000055 | 0.000011 | 0.000002 0.000000 
0.183331 | 0.033610 | 0.006162 | 0.001130 | 0.000207 | 0.000038 | 0.000007 | 0.000001 0.000000 
0.172167 | 0.029641 | 0.005103 | 0.000879 | 0.000151 | 0.000026 | 0.000004 | 0.000001 0.000000 
0.161682 | 0.026141 | 0.004227 | 0.000683 | 0.000110 | 0.000018 | 0.000003 | 0.000000 0.000000 
0.151836 | 0.023054 | 0.003500 | 0.000531 | 0.000081 | 0.000012 | 0.000002 | 0.000000 0.000000 


CODRNWO WORNS COND PWNYHO COND PWHHOS CONRAN PWHHOS DBNAM PWNS 


Pee | 


ANALYSIS OF SLABS CONTINUOUS OVER FLEXIBLE BEAMS 57 


TABLE 7 


NUMERICAL VALUES OF THE COEFFICIENT FOR THE TWISTING Moment M zy PER UNIT 
or LENGTH IN A Srmpty-SupporTED PANEL oF A SLAB DUE TO A 
i DEFLECTION OF ONE EDGE or PaneL ComBINED 


: Wits a Moment on Tuat Epan 
H A deflection A = Ao sin rz/s combined with a moment —My = — ove NE Ls 2 wae Ao sin 72/s, is 
_ applied at the edge, on the line y = 0, of a slab simply supported on all ey edges. The twisting 
moment Mz, on the line y = 0 is given by the equation Mz, = Cry: 
span of the panel of the slab in the y direction is “ zy zy 2 Ao cos 12/s. The 
{ Values of C. 
b/s ea 
/b =0 1/b = 0.1 v/b = 0.2 o/b = 0.3 v/b = 0.4 v/b = 0.5 
0.1 3.287136 3.257337 3.230753 3.207359 3.187130 3.170046 
0.2 1.795676 1.736349 1.683878 1.638058 1.598706 1.565668 
0.3 1.358034 1.269683 1.192618 1.126154 1.069701 1.022757 
0.4 1.176285 1.059590 0.959649 0.874883 0.803950 0.745730 
0.5 1.090331 0.946084 0.825229 0.724777 0.642245 0.575592 
0.6 1.047196 0.876241 0.736512 0.623029 0.531749 0.459417 
0.7 1.024905 0.828099 0.671503 0.547512 0.450107 0.374557 
0.8 1.013210 0.791397 0.619836 0.487635 0.386397 0.309696 
0.9 1.007025 0.761021 0.576263 0.437880 0.334737 0.258534 
1.0 1.003742 0.734331 0.537993 0.395192 0.291716 0.217269 
i ie | 1.001995 0.709928 0.503490 0.357780 0.255224 0.183452 
1.2 1.001064 0.687062 0.471870 0.324538 0.223880 0.155419 
1.3 1.000567 0.665323 0.442604 0.294742 0.196728 0.131987 
1.4 1.000303 0.644483 0.415357 0.267884 0.173072 0.112282 
1.5 1.000161 0.624408 0. 389900. 0.243589 0.152380 0.095639 
1.6 1.000086 0.605020 0.366065 0.221564 0.134233 0.081538 
i Ig 1.000046 0.586266 0.343721 0.201569 0.118290 0.069561 
1.8 1.000025 0.568112 0.322761 0.183400 0.104266 0.059372 
1.9 1.000013 0.550530 0.303089 0.166882 0.091921 0.050694 
2.0 1.000007 0.533496 0. 284623 0.151859 0.081046 0.043295 
2.1 1.000004 0.516993 0.267285 0.138193 0.071463 0.036983 
2.2 1.000002 0.501002 0.251005 0.125759 0.063017 0.031595 
2.3 1.000001 0.485506 0.235717 0.114445 0.055571 0.026995 
2.4 1.000001 0.470490 0.221361 0.104150 0.049006 0.023066 
Values of Czy 
b/s 
o/b = 0.6 v/b = 0.7 o/b = 0.8 v/b = 0.9 v/b = 1.0 
0.1 3.156092 3.145253 3.137519 3.132881 3.131336 
0.2 1.538813 1.518035 1.503252 1.494405 1.491460 
0.3 0.984905 0.955807 0.935206 0.922918 0.918834 
0.4 0.699301 0.663930 0.639057 0.624288 0.619391 
0.5 0.523171 0.483685 0.456158 0.439909 0.484537 
0.6 0.403457 0.361875 0.333189 0.316376 0.310838 
0.7 0.317195 0.275234 0.246637 0.230016 0.224564 
0.8 0. 252659 0.211666 0.184114 0.168253 0.163075 
0.9 0.203136 0.164086 0.138242 0.123523 0.118745 
1.0 0.164442 0.127979 0.104251 0.090898 0.086590 
ifpal 0.133807 0.100301 0.078893 0.067001 0.063190 
1.2 0.109309 0.078919 0.059879 0.049450 0.046133 
1.3 0.089568 0.062298 0.045564 0.036536 0.033687 
1.4 0.073566 0.049311 0.034750 0.027020 0.024602 
1.5 0.060533 0.039120 0.026557 0.020000 0.017968 
1.6 0.049881 0.031095 0.020333 0.014817 0.013123 
eve 0.041149 0.024756 0.015593 0.010985 0.009585 
1.8 0.033975 0.019735 0.011977 0.008150 0.007001 
1.9 0.028071 0.015751 0.009211 0.006052 0.005113 
2.0 0.023205 0.012583 0.007093 0.004497 0.003735 
2.1 0.019191 0.010060 0.005468 0.003343 0.002728 
2,2 0.015876 0.008048 0.004219 0.002488 0.001993 
2.3 0.013137 0.006442 0.003259 0.001852 0.001455 
2.4 0.010873 0.005159 0.002519 0.001380 0.001063 
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TaBLE 7.—(CONCLUDED) 


NuMeErIcaL VALUES OF THE COEFFICIENT FOR THE TwisTING Moment M,, Per UNIT 
or LENGTH IN A SIMPLY-SUPPORTED PANEL OF A SxtAB DUE TO A 
DEFLECTION oF ONE EpGE or PANEL COMBINED 
Wits A Moment on THat EpGE 


4 . (1 — p) Nx? 3 am 
A deflection A = Ao sin rx/s combined with a moment —Mw = — eg ee Ao sin 12x/s, is 
applied at the edge, on the line y = 0, of a slab simply supported on all the other edges. The twisting 


> — p) Nx? 
moment Mzy on the line y = » is given by the equation Mry = Cay* ——— Ao cos ra/s. The 
span of the panel of the slab in the y direction is b. e 


Values of Czy 


b/s 

»/b = 0 v/b = 0.1 v/b = 0.2 v/b = 0.3 v/b = 0.4 o/b = 0.5 
2.5 1.000000 0.455939 0.207880 0.094782 0.043217 0.019711 
2:6 1.000000 0.441837 0.195220 0.086256 0.038113 0.016844 
QF 1.000000 0.428172 & 0.183332 0.078498 0.033612 0.014394 
2.8 1.000000 0.414930 0.172167 0.071437 0.029642 0.012301 
2.9 1.000000 0.402097 0.161682 0.065012 0.026142 0.010512 
3.0 1.000000 0.389661 0.151836 0.059165 0.023054 0.008984 
3.1 1.000000 0.377610 0.142589 0.053843 0.020332 0.007678 
3.2 1.000000 0.365931 0.133906 0.049000 0.017931 0.006562 
3.3 1.000000 0.354614 0.125751 0.044593 0.015813 0.005608 
3.4 1.000000 0.343647 0.118093 0.040582 0.013946 0.004793 
3.5 1.000000 0.333018 0.110901 0.036932 0.012299 0.004096 
3.6 1.000000 0.322719 0.104148 0.033610 0.010847 0.003500 
3.0 1.000000 0.312738 0.097805 0.030587 0.009566 0.002992 
3.8 1.000000 0.303066 0.091849 0.027836 0.008436 0.002557 
3.9 1.000000 0. 293693 0.086255 0.025333 0.007440 0.002185 
4.0 1.000000 0.284610 0.081003 0.023054 0.006561 0.001867 
4.2 1.000000 0.267277 0.071437 0.019094 0.005103 0.001364 
4.4 1.000000 0.251000 0.063001 0.015813 0.003969 0.000996 
4.6 1.000000 0.285715 0.055561 0.013097 0.003087 0.000728 
4.8 1.000000 0.221360 0.049000 0.010847 0.002401 0.000531 
5.0 1.000000 0.207880 0.043214 0.008983 0.001867 0.000388 
5.2 1.000000 0.195220 0.038111 0.007440 0.001452 0.000284 
5.4 1.000000 0.183331 0.033610 0.006162 0.001130 0.000207 
5.6 1.000000 0.172167 0.029641 0.005103 0.000879 * 0.000151 
5.8 1.000000 0.161682 0.026141 0.004227 0.000683 0.000110 
6.0 1.000000 0.151836 0.023054 0.003500 0.000531 0.000081 

Values of Cry 
b/s = 
v/b = 0.6 v/b = 0.7 »/b = 0.8 v/b = 0.9 /b=1.0 ~ 

2.5 0.009000 0.004133 0.001948 0.001028 0.000776 
2.6 0.007451 0.003312 0.001508 0.000767 0.000567 
2.7 0.006169 0.002655 0.001168 0.000572 0.000414 
2.8 0.005108 0.002128 0.000905 0.000427 0.000303 
2.9 0.004229 0.001707 0.000701 0.000319 0.000221 
3.0 0.003502 0.001369 0.000544 0.000239 0.000161 
3.1 0.002900 0.001098 0.000422 0.000178 0.000118 
3.2 0.002402 0.000881 0.000327 0.000133 0.000086 
3.3 0.001989 ’ 0.000707 0.000254 0.000100 . 0.000063 
3.4 0.001647 0.000567 0.000197 0.000075 0.000044 
3.5 0.001364 0.000455 0.000153 0.000056 0.000034 
3.6 0.001130 0.000365 0.000119 0.000042 0.000025 
3.7 0.000936 0.000293 0.000092 0.000031 0.000018 
3.8 0.000775 0.000235 0.000072 0.000024 0.000013 
3.9 0.000642 0.000189 0.000056 0.000018 0.000010 
4.0 0.000532 0.000151 0.000043 0.000013 0.000007 
4.2 0.000365 0.000097 0.000026 0.000007 0.000004 
4.4 0.000250 0.000063 0.000016 0.000004 0.000002 
4.6 0.000172 0.000040 0.000010 0.000002 0.000001 
4.8 0.000118 0.000026 0.000006 0.000001 0.000001 
5.0 0.000081 0.000017 0.000003 0.000001 0.000000 
5.2 0.000055 0.000011 0.000002 0.000000 0.000000 
5.4 0.000038 0.000007 0.000001 0.000000 0.000000 
5.6 0.000026 0.000004 0.000001 0.000000 0.000000 
5.8 0.000018 0.000003 0.000000 : 0.000000 0.000000 
6.0 0.000012 0.000002 0.000000 0.000000 0.000000 
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TABLE 8 


t NuMERIcAL VALUES OF THE COEFFICIENTS FOR THE BENDING Moments M 2 AND M, 
: Per UNIT oF LENGTH IN A SImPLy-SuPPORTED PANEL OF A SLAB DvuE 
f TO A Moment AppLiep at OnE EpcGe or PANEL 
For a moment M = Mo sin x2/s applied at an edge, on the line y = 0, of a slab simply supported 
on all four sides, the moments Mz and M, on the line y = v, at a distance v from the edge cn ahick the 


_ moment M is applied, are given by the equations Mz = (mz + ypmy) M aw = 
The span of the panel of the slab in the y direction is b. ‘ es a i : ee a 


Values of mz 

b/s 

v/b = 0.1 | 0/b = 0.2 | 1/b = 0.3 | 0/b = 0.4 | 0/b = 0.5 | 0/b = 0.6 | 0/b = 0.7 v/b = 0.8 | 1/b = 0.9 
0.0 0.000000 | 0.000000 | 0.000000 | 0.000000 | 0.000000 | 0.000000 | 0.000000 | 0.000000 | 0.000000 
0.1 0.002771 | 0.004659 | 0.005767 | 0.006195 | 0.006044 | 0.005410 | 0.004393 | 0.003088 | 0.001592 
0.2 0.010611 | 0.017752 | 0.021875 | 0.023409 | 0.022761 | 0.020321 | 0.016465 | 0.011557 | 0.005952 
0.3 0.022281 | 0.036964 | 0.045213 | 0.048071 | 0.046484 | 0.041315 | 0.033358 | 0.023355 | 0.012010 
0.4 0.036205 | 0.059370 | 0.071869 | 0.075722 | 0.072657 | 0.064165 | 0.051548 | 0.035962 | 0.018453 
0.5 0.050914 | 0.082266 | 0.098271 | 0.102334 | 0.097210 | 0.085137 | 0.067951 | 0.047182 | 0.024142 
0.6 0.065317 | 0.103681 | 0.121874 | 0.125112 | 0.117389 | 0.101758 | 0.080559 | 0.055609 | 0.028353 
OL7 0.078762 | 0.122489 | 0.141312 | 0.142653 | 0.131903 | 0.112944 | 0.088547 | 0.060692 | 0.030811 
0.8 0.090962 | 0.138268 | 0.156181 | 0.154677 | 0.140634 | 0.118715 | 0.092016 | 0.062546 | 0.031592 
0.9 0.101875 | 0.151052 | 0.166701 | 0.161622 | 0.144195 | 0.119768 | 0.091627 | 0.061686 | 0.030975 
1.0 0.111587 | 0.161119 | 0.173412 | 0.164276 | 0.143539 | 0.117094 | 0.088275 | 0.058785 | 0.029321 
1.1 0.120235 | 0.168836 | 0.176955 | 0.163520 | 0.139687 | 0.111722 | 0.082865 | 0.054515 | 0.026987 
12 0.127960 | 0.174571 | 0.177954 | 0.160184 | 0.133573 | 0.104575 | 0.076197 | 0.049459 | 0.024279 
1.3 0.134888 | 0.178652 | 0.176957 | 0.154981 | 0.125982 | 0.096408 | 0.068907 | 0.044076 | 0.021438 
1.4 0.141125 | 0.181356 | 0.174420 | 0.148491 | 0.117534 | 0.087799 | 0.061476 | 0.038703 | 0.018636 
1.5 0.146751 | 0.182908 | 0.170712 | 0.141167 | 0.108696 | 0.079171 | 0.054238 | 0.033569 | 0.015988 
1.6 0.151831 | 0.183492 | 0.166126 | 0.133359 | 0.099809 | 0.070813 | 0.047411 | 0.028815 | 0.013564 
uP 0.156416 | 0.183257 | 0.160894 | 0.125326 | 0.091113 | 0.062912 | 0.041121 | 0.024517 | 0.011396 
1.8 0.160547 | 0.182325 | 0.155201 | 0.117265 | 0.082769 | 0.055579 | 0.035433 | 0.020703 | 0.009496 
1.9 0.164257 | 0.180798 | 0.149191 | 0.109314 | 0.074878 | 0.048867 | 0.030361 | 0.017368 | 0.007854 
2.0 0.167573 | 0.178763 | 0.142983 | 0.101577 | 0.067501 | 0.042791 | 0.025889 | 0.014487 | 0.006455 
2.1 0.170522 | 0.176294 | 0.136669 | 0.094123 | 0.060665 | 0.037340 | 0.021985 | 0.012024 | 0.005274 
2.2 0.173124 | 0.173456 | 0.130324 | 0.087000 | 0.054375 | 0.032485 | 0.018602 | 0.009936 | 0.004287 
2.3 0.175399 | 0.170306 | 0.124009 | 0.080239 | 0.048622 | 0.028185 | 0.015689 | 0.008179 | 0.003469 
2.4 0.177367 | 0.166893 | 0.117771 | 0.073856 | 0.043387 | 0.024397 | 0.013196 | 0.006709 | 0.002796 
2.5 0.179045 | 0.163263 | 0.111650 | 0.067858 | 0.038641 | 0.021074 | 0.011071 | 0.005486 | 0.002245 
2.6 0.180448 | 0.159456 | 0.105676 | 0.062245 | 0.034356 | 0.018170 | 0.009268 | 0.004474 | 0.001796 
2.7 0.181593 | 0.155505 | 0.099872 | 0.057010 | 0.030498 | 0.015639 | 0.007743 | 0.003640 | 0.001433 
2.8 0.182496 | 0.151445 | 0.094257 | 0.052142 | 0.027035 | 0.013440 | 0.006457 | 0.002954 | 0.001139 
2.9 0.183167 | 0.147302 | 0.088843 | 0.047629 | 0.023933 | 0.011534 | 0.005377 | 0.002393 | 0.000904 
3.0 0.183623 | 0.143101 | 0.083641 | 0.043454 | 0.021161 | 0.009885 | 0.004470 | 0.001934 | 0.000715 
3.1 0.183876 | 0.138867 | 0.078656 | 0.039600 | 0.018689 | 0.008462 | 0.003711 | 0.001561 | 0.000565 
3.2 0.183937 | 0.134617 | 0.073890 | 0.036051 | 0.016489 | 0.007236 | 0.003078 | 0.001258 | 0.000445 
3.3 0.183819 | 0.130369 | 0.069346 | 0.032788 | 0.014533 | 0.006181 | 0.002549 | 0.001012 | 0.000350 
3.4 0.183532 | 0.126140 | 0.065021 | 0.029792 | 0.012797 | 0.005275 | 0.002109 | 0.000814 | 0.000275 
3.5 0.183086 | 0.121942 | 0.060913 | 0.027047 | 0.011258 | 0.004498 | 0.001744 | 0.000653 | 0.000215 
3.6 0.182493 | 0.117788 | 0.057019 | 0.024534 | 0.009897 | 0.003832 | 0.001440 | 0.000524 | 0.000169 
3.7 0.181762 | 0.113688 | 0.053332 | 0.022238 | 0.008693 | 0.003262 | 0.001188 | 0.000419 | 0.000132 
3.8 0.180901 | 0.109650 | 0.049847 | 0.020142 | 0.007630 | 0.002775 | 0.000980 | 0.000336 | 0.000103 
3.9 0.179919 | 0.105682 | 0.046557 | 0.018231 | 0.006693 | 0.002359 | 0.000807 | 0.000268 | 0.000080 

@ 

4.0 0.178825 | 0.101791 | 0.043456 | 0.016491 | 0.005867 | 0.002003 | 0.000665 | 0.000214 | 0.000062 
4.2 0.176332 | 0.094259 | 0.037790 | 0.013467 | 0.004499 | 0.001443 | 0.000450 | 0.000136 | 0.000038 
4.4 0.173479 | 0.087087 | 0.032788 | 0.010973 | 0.003443 | 0.001037 | 0.000304 | 0.000087. | 0.000023 
4.6 0.170320 | 0.080294 | 0.028390 | 0.008922 | 0.002629 | 0.000744 | 0.000204 | 0.000055 | 0.000014 
4.8 0.166902 | 0.073891 | 0.024535 | 0.007241 | 0.002004 | 0.000532 | 0.000137 | 0.000035 | 0.000008 
5. 0.163268 | 0.067880 | 0.021166 | 0.005867 | 0.001524 | 0.000380 | 0.000092 | 0.000022 | 0.000005 
5 * 0.159458 | 0.062259 | 0.018231 | 0.004745 | 0.001158 | 0.000271 | 0.000062 | 0.000014 | 0. 000003 
5.4 0.155507 | 0.057019 | 0.015680 | 0.003833 | 0.000878 | 0.000193 | 0.000041 | 0.000009 | 0.000002 
5.6 0.151446 | 0.052148 | 0.013467 | 0.003091 | 0.000665 | 0.000137 | 0.000028 | 0.000005 0.000001 
5.8 0.147302 | 0.047632 | 0.011552 | 0.002490 | 0.000503 | 0.000098 | 0.000018 | 0.000003 | 0.000001 
6.0 0.143102 | 0.043456 | 0.009897 | 0.002004 | 0.000380 | 0.000069 | 0.000012 | 0.000002 | 0. 000000 
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TABLE 9 


NuMeRIcAL VALUES OF THE COEFFICIENTS FOR THE BENDING Moments M, anv M, 
Perr Unit or LENGTH IN A SIMPLY-SUPPORTED PANEL OF A SLAB DUE 
To A Moment AppLiep AT ONE EDGE oF PANEL 


For a moment M = Mo sin rz/s applied at an edge, on the line y = 0, of a slab simply supported 
on all four sides, the moments Mz and My, on the line y = 2, at a distance » from the edge on which 


the moment M is applied, are given by the equations Mz = (mz + wmy) M, and My = (my + pmz) M. 


The span of the panel of the slab in the y direction is b. 


Values of my 
b/s 


v/b = 0.1 | 0/b = 0.2 | 0/b = 0.3 | 0/b = 0.4 | v/b = 0.5 | 0/b = 0.6 | 0/b = 0.7 | 1/b = 0.8 | 1/b = 0.9 


0.900000 | 0.800000 | 0.700000 | 0.600000 | 0.500000 | 0.400000 | 0.300000 | 0.200000 | 0.100000 
0.894437 | 0.790642 | 0.688413 | 0.587549 | 0.487851 | 0.389121 | 0.291166 | 0.193789 | 0.096798 
0.878463 | 0.763908 | 0.655458 | 0.552272 | 0.453541 | 0.358483 | 0.266336 | 0.176359 | 0.087821 
0.853983 | 0.723352 | 0.605914 | 0.499655 | 0.402710 | 0.313341 | 0.229912 | 0.150869 | 0.074717 
0.823496 | 0.673624 | 0.546010 | 0.436812 | 0.342635 | 0.260452 | 0.187527 | 0.121352 | 0.059587 


0.789474 | 0.619289 | 0.481797 | 0.370589 | 0.280260 | 0.206213 | 0.144483 | 0.091588 | 0.044396 
0.753938 | 0.564024 | 0.418075 | 0.306323 | 0.220907 | 0.155454 | 0.104734 | 0.064369 | 0.030586 
0.718307 | 0.510351 | 0.358028 | 0.247433 | 0.167870 | 0.111073 | 0.070590 | 0.041292 | 0.018972 
0.683451 | 0.459732 | 0.303378 | 0.195622 | 0.122649 | 0.074270 | 0.042925 | 0.022920 | 0.009826 
0.649825 | 0.412844 | 0.254771 | 0.151346 | 0.085456 | 0.045047 | 0.021616 | 0.009099 | 0.003049 


0.617620 | 0.369860 | 0.212177 | 0.114292 | 0.055729 | 0.022704 | 0.005964 |-0.000728 |-0.001668 
0.586875 | 0.330672 | 0.175200 | 0.088757 | 0.032539 | 0.006224 |-0.004973 |-0.007280 |-0.004713 
0.557552 | 0.295038 | 0.143289 | 0.058891 | 0.014841 |-0.005478 |-0.012165 |-0.011285 |-0.006473 
0.529582 | 0.262668 | 0.115853 | 0.038841 | 0.001633 |-0.013416 |-0.016503 |-0.013396 |-0.007294 
0.502888 | 0.233272 | 0.092332 | 0.022823 |-0.007980 |-0.018469 |-0.018741 |-0.014161 |-0.007463 


0.477399 | 0.206577 | 0.072214 | 0.010149 |-0.014759 |-0.021366 |-0.019488 |-0.014014 |-0.007204 
0.453046 | 0.182337 | 0.055050 | 0.000231 |-0.019334 |-0.022689 |-0.019220 |-0.013285 |-0.006686 
0.429772 | 0.160331 | 0.040447 |-0.007425 |-0.022215 |-0.022895 |-0.018296 |-0.012218 |-0.006030 
0.407522 | 0.140360 | 0.028066 |-0.013233 |-0.023810 |-0.022332 |-0.016981 |-0.010986 |-0.005322 
0.386249 | 0.122248 | 0.017613 |-0.017536 |-0.024443 |-0.021265 |-0.015463 |-0.009706 |-0.004617 


0.365910 | 0.105835 | 0.008830 |-0.020617 |-0.024368 |-0.019888 |-0.013874 |-0.008457 |-0.003950 
0.346464 | 0.090977 | 0.001497 |-0.022711 |-0.023783 |-0.018344 |-0.012302 |-0.007285 |-0.003341 
0.327874 | 0.077540 |-0.004581 |-0.024015 |-0.022843 |-0.016734 |-0.010805 |-0.006217 |-0.002798 
0.310105 | 0.065407 |-0.009572 |-0.024687 |-0.021667 |-0.015129 |-0.009414 |-0.005263 |-0.002324 
0.293122 | 0.054465 |-0.013626 |-0.024862 |-0.020345 |-0.013577 |-0.008148 |-0.004426 |-0.001916 


0.276893 | 0.044615 |-0.016871 |-0.024648 |-0.018946 |-0.012108 |-0.007012 |-0.003700 |-0.001570 
0.261389 | 0.035764 |-0.019421 |-0.024136 |-0.017522 |-0.010740 |-0.006005 |-0.003077 |-0.001280 
0.246579 | 0.027826 |-0.021375 |-0.023401 |-0.016110 |-0.009484 |-0.005121 |-0.002548 |-0.001038» 
0.282434 | 0.020722 |-0.022820 |-0.022502 |-0.014738 |-0.008341 |-0.004351 |-0.002101 |-0.000832 
0.218930 | 0.014380 |-0.023832 |-0.021488 |-0.013423 |-0.007310 |-0.003684 |-0.001727 |-0.000674 


0.206038 | 0.008734 |-0.024477 |-0.020400 |-0.012179 |-0.006386 |-0.003111 |-0.001415 |-0.000540 
0.193734 | 0.003723 |-0.024813 |-0.019269 |-0.011012 |-0.005564 |-0.002620 |-0.001156 |-0.000431 
0.181994 |-0.000711 |-0.024890 |-0.018120 |-0.009927 |-0.004836 |-0.002201 |-0.000942 |-0.000343 
0.170795 |-0.004618 |-0.024753 |-0.016974 |-0.008925 |-0.004193 |-0.001846 |-0.000766 |-0.000273 
0.160115 |-0.008047 |-0.024439 |-0.015846 |-0.008006 |-0.003628 |-0.001544 |-0.000622 |-0.000216 


0.149932 |-0.011041 |-0.023981 |-0.014748 |-0.007163 |-0.003134 |-0.001290 |-0.000504 |-0.000171 
0.140226 |-0.013641 |-0.023408 |-0.013688 |-0.006397 |-0.002702 |-0.001076 |-0.000407 |-0.000135 
0.130976 |-0.015883 |-0.022744 |-0.012673 |-0.005702 |-0.002326 |-0.000896 |-0.000329 |-0.600106 
0.122165 |-0.017801 |-0.022010 |-0.011706 |-0.005074 |-0.002000 |-0.000745 |-0.000265 |-0.000083 
0.113773 |-0.019427 |-0.021224 |-0.010791 |-0.004508 |-0.001717 |-0.000619 |-0.000213 |-0.000065 


0.105784 |-0.020788 |-0.020402 |-0.009929 |-0.003999 |-0.001472 |-0.000513 |-0.000172 |-0.000051 
0.090945 |-0.022822 |-0.018696 |-0.008364 |-0.003135 |-0.001078 |-0.000352 |-0.000110 |-0.000031 
0.077521 |-0.024085 |-0.016975 |-0.007004 |-0.002447 |-0.000787 |-0.000241 |-0.000071 |-0.000019 
0.065395 |-0.024732 |-0.015293 |-0.005835 |-0.001901 |-0.000572 |-0.000164 |-0.000045 |-0.000012 
0.054459 |-0.024880 |-0.013688 |-0.004840 |-0.001472 |-0.000415 |-0.000111 |~0.000029 |-0.000007 


0.044611 |-0.024666 |-0.012183 |-0.003999 |-0.001136 |-0.000300 |-0.000075 |-0.000018 |-0.000004 
0.035762 |-0.024148 |-0.010791 |-0.003293 |-0.000874 |-0.000216 |-0.000051 |-0.000012 |-0.000002 
0.027824 |-0.023408 |-0.009518 |-0.002703 |-0.000671 |-0.000155 |-0.000034 |-0.000007 |-0.000001 
0.020721 |-0.022506 |-0.008364 |-0.002213 |-0.000514 |-0.000111 |-0.000023 |-0.000005 |-0.000001 
0.014380 |-0.021491 |-0.007325 |-0.001807 |-0.000393 |-0.000080 |-0.000016 |-0.000003 |-0.000001 
0.008734 |-0.020402 |-0.006397 |-0.001472 |-0.000300 |-0.000057 |-0.000010 |-0.000002 |-0. 000000 
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i Tasie 10 

_ Numericat VALUES OF THE COEFFICIENT FOR THE Twisting Moment M zy PER UNIT 
i or LeNcTH IN 4 Smvpiy-Suprortep PaNnew or A SLAB DuE To A 

{ Moment Appiirep at OnE EpcE or PANEL 


For a moment M = Mo sin rz/s applied at an edge, on the line y = 0, of a slab simply supported 
on all four sides, the twisting moment Mzy on the line y = 2, at a distance v from the ae Go which the 
moment M is applied, is given by the equation Mzy = (1 — yu) mzy+ Mo cos ax/s. The span of the panel 

_ of the slab in the direction of the y axis is b. 


Values of mzy 


b/s 
' /b = 0 v/b = 0.1 v/b = 0.2 v/b = 0.3 w/b = 0.4 o/b = 0.5 
0.0 0.000000 0.000000 0.000000 0.000000 0.000000 0.000000 
0.1 -0.103361 —0.073608 —0.047143 —0.023914 —0 003875 0.013015 
0.2 0.199006 -0.140031 —0.088468 -0.043907 —0.005991 0.025586 
0.3 -0.281171 —0.193934 —0.119715 -0.057171 0.005152 0.037304 
0.4 -0.347091 —0. 232821 0.139009 —0 062589 0.001011 0.047822 
0.5 -0.396865 —0. 256904 —0.146735 —0.060639 0.006001 0.056877 
0.6 —0.432536 —0. 268223 —0.144786 0.052833 0.014969 0.064299 
0.7 0.457002 —0. 269611 —0 .135683 —0.041079 0.024837 0.070017 
0.8 —0 473186 —0. 263903 0.121895 0.027192 0.034657 0.074043 
0.9 -0.483579 —0.253506 —0.105487 —0.012642 0.043711 0.076464 
1.0 -0.490094 —0. 240258 -0.088005 0.001516 0.051538 0.077422 
r Test 0.494098 —0.225469 —0.070513 0.014606 0.057904 0.077096 
1.2 —0.496520 —0.210015 —0.053689 0.026252 0.062744 0.075683 
38} 0.497966 0.194460 -0.037930 0.036293 0.066114 0.073384 
1.4 —0.498820 -0.179154 0.023436 0.044711 0.068140 0.070394 
1.5 —0.499320 —0.164296 -0.010285 0.051576 0.068985 0.066895 
1.6 -0.499610 —0. 149999 0.001524 0.057006 0.068828 0.063048 
Ley 0.499778 -0.136319 0.012039 0.061145 0.067843 0.058990 
1.8 —0.499874 -0.123277 0.021331 0.064143 0.066196 0.054839 
1.9 —0.499928 0.110873 0.029485 0.066148 0.064034 0.050689 
2.0 -0.499959 0.099097 0.036590 0.067299 0.061486 0.046614 
241 0.499977 0.087930 0.042735 0.067723 0.058666 0.042672 
252 —0.499987 -0.077351 0.048003 0.067537 0.055666 0.038904 
2.3 —0.499993 -0.067339 0.052477 0.066843 0.052564 0.035338 
2.4 -0.499996 —0.057869 0.056230 0.065731 0.049423 0.031992 
Values of mzy 
b/s 
v/b = 0.6 1/b = 0.7 »/b = 0.8 v/b = 0.9 v/b = 1.0 
0.0 0.000000 0.000000 0.000000 0.000000 0.000000 
0.1 0.026788 0.037472 0.045089 0.049652 0.051173 
0.2 0.051080 0.070696 0.084594 0.092888 0.095645 
0.3 0.070995 0.096554 0.114470 0.125083 0.128599 
0.4 0.085605 0.113669 0.133018 0.144352 0.148085 
0.5 0.094899 0.122305 0.140751 0.151376 0.154845 
0.6 0.099501 0.123828 0.139634 0.148507 0.151365 
0.7 0.100335 0.120062 0.132200 0.138733 0.140789 
0.8 0.098361 0.112797 0.120884 0.124894 0.126096 
0.9 0.094426 0.103530 0.107678 0.109282 0.109678 
1.0 0.089213 0.093383 0.094006 0.093524 0.093229 
alee 0.083241 0.083126 0.080820 0.078651 0.077807 
1.2 0.076890 0.073249 0.068658 0.065229 0.063984 
1.3 0.070432 0.064034 0.057784 0.053494 0.051986 
1.4 0.064060 0.055624 0.048273 0.043471 0.041818 
15 0.057905 0.048067 0.040089 0 035062 0.033359 
16 0.052056 0.041355 0.033132 0.028104 0.026424 
ieee 0.046569 0.035447 0.027276 0.022410 0.020804 
1.8 0.041477 0.030283 0.022380 0.017790 0.016295 
1.9 0.036794 0.025795 0.018312 0.014070 0.012705 
2.0 0.032519 0.021914 0.014948 0.011092 0.009866 
on 0.028645 0.018572 0.012176 0.008720 0.007635 
2.2 0.025154 0.015704 0.009901 0.006838 0.005889 
2.3 0.022026 0.013251 0.008037 0.005351 0.004530 
2.4 0.019236 0.011159 0.006514 0.004180 0.003476 


se tel 
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TABLE 10.—(CoNCLUDED) 


NUMERICAL VALUES OF THE COEFFICIENT FOR THE TwistiING Moment M,, Per UNIT 
or LENGTH IN A SImpLy-SuPPORTED PANEL OF A SLAB DUE TO A 
Moment APPLIED AT ONE EpGE or PANEL 


For a moment M = Mo sin +2/s applied at an edge, on the line y = 0, of a slab simply supported : 
on all four sides, the twisting moment Mzy on the line y = 2, at a distance v from the edge on which the 
moment M is applied, is given by the equation Mzy = (1 — ») mzy- Mocos rz/s. The span of the panel 
of the slab in the direction of the y axis is b. 


Values of mzy 


b/s 
v/b =0 v/b = 0.1 v/b = 0.2 v/b = 0.3 »/b = 0.4 v/b = 0.5 
2.5 —0.499998 0.048920 0.059333 0.064280 0.046294 0.028876 
2.6 -0.499999 -0.040468 0.061851 0.062560 0.043216 0.025993 
20a -0.499999 -0.032491 0.063843 0.060631 0.040222 0.023339 
2.8 -0.500000 -0.024969 0.065363 0.058543 0.037332 0.020909 
2.9 -0.500000 —0.017881 0.066462 0.056340 0.034565 0.018693 
3.0 -0.500000 -0.011207 0.067184 0.054060 0.031931 0.016679 
3.1 0.500000 -0.004929 0.067572 0.051735 0.029437 0.014857 
ter 4 —0.500000 0.000971 0.067664 0.049391 . 0.027087 0.013212 
3.3 0.500000 0.006512 0.067494 0.047050 0.024882 0.011731 
3.4 —0.500000 0.011708 0.067094 0.044730 0.022820 0.010402 
3.5 —0 500000 0.016577 0.066492 0.042448 0.020898 0.009212 
3.6 —0.500000 0.021134 0.065714 0.040213 0.019111 0.008147 
3.7 —0 .500000 0.025393 0.064785 0.038038 0.017456 0.007198 
3.8 -0.500000 0.029368 0.063725 0.035928 0.015924 0.006352 
3.9 —0.500000 0.033073 0.062554 0.033891 - 0.014511 0.005601 
4.0 -—0.500000 0.036521 0.061290 0.031929 0.013210 0.004933 
4.2 -0.500000 0.042693 0.058540 0.028243 0.010916 0.003817 
4.4 ~0.500000 0.047979 0.055586 0.024881 0.008989 0.002945 
4.6 0.500000 0.052462 0.052513 0.021841 0.007379 0.002265 
4.8 0.500000 0.056222 0.049391 0.019111 0.006041 0.001738 
5.0 0.500000 0.059328 0.046273 0.016675 0.004933 0.001330 
5.2 —0 .500000 0.061848 0.043204 0.014511 0.004019 0.001016 
5.4 -0.500000 0.063842 0.040213 0.012599 0.003268 0.000775 
5.6 —0.500000 0.065362 0.037327 0.010916 0.002652 0.000590 
5.8 -0.500000 0.066461 0.034562 0.009439 0.002149 0.000448 
6.0 * 0.500000 0.067184 0.031929 0.008147 0.001738 0.000340 


Values of mzy 


b/s 

v/b = 0.6 v/b = 0.7 v/b = 0.8 v/b = 0.9 v/b = 1.0 
2.5 0.016759 0.009381 0.005273 0.003260 0.002661 
2.6 0.014568 0.007872 0.004263 0.002538 0.002032 ™ 
2.7 0.012637 0.006595 0.003442 0.001974 0.001550 ~ 
2.8 0.010941 0.005517 0.002777 0.001533 0.001179 
2.9 0.009456 0.004608 0.002237 0.001190 0.000896 
3.0 0.008158 0.003844 0.001801 0.000922 0.000680 
3.1 0.007028 0.003203 0.001449 0.000714 0.000515 
3.2 0.006046 0.002665 0.001164 0.000553 0.000390 
3.3 0.005194 0.002215 0.000935 0.000427 0.000295 
3.4 0.004456 0.001839 0.000750 0.000330 0.000222 
3.5 0.003819 0.001525 0.000601 0.000255 0.000168 
3.6 0.003269 0.001264 0.000481 0.000197 0.000126 
3.7 0.002795 1 0.001046 0.000385 0.000152 0.000095 
3.8 0.002388 0.000865 0.000308 0.000117 0.000072 
3.9 0.002037 0.000715 0.000246 0.000090 0.000054 
4.0 0.001738 0.000590 0.000197 0.000070 0.000040 
4.2 0.001261 0.000402 0.000125 0.000041 0.000023 
4.4 0.000912 0.000272 0.000080 0.000024 0.000013 
4.6 0.000658 0.000184 0.000051 0.000014 0.000007 
4.8 0.000473 0.000124 0.000032 0.000009 0.000004 
5.0 0.000340 0.000084 0.000020 0.000005 0.000002 
5.2 0.000244 0.000056 0.000013 0.000003 0.000001 
5.4 0.000174 0.000038 0.000008 0.000002 0.000001 
5.6 0.000124 0.000025 0.000005 0.000001 0.000000 
5.8 0.000089 0.000017 0.000003 0.000001 0.000000 
6.0 0.000063 0.000011 0.000002 0.000000 0.000000 
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TABLE 11 


NUMERICAL VALUES FOR THE COEFFICIENT IN THE EXPRESSION FOR DEFLECTION OF A 
Suvpty-Supportep Pane or a Stas Dur to a Moment 
APPLIED aT ONE EpcGsE or PANEL 


For a moment M = Mo sin z2/s applied at an edge, on the line y = 0, of a slab simpl 
on all four sides, the deflection w on the line y = 2, ‘re a distance 2 teen the edge SE which Resse 
M is applied, is given by the equation w = Cw N M. The span of the panel of the slab in the 


direction of the y axis is b. 


i 


Values of Cy 


0/b = 0.1 | 0/6 = 0.2 | v/b = 0.3 | o/b = 0.4 | v/b = 0.5 | 0/b = 0.6 | v/b = 0.7 | 0/b = 0.8 v/b = 0.9 


a 
= 
ee 
a 


0.0285000 | 0.0480000 | 00595000 | 0.0640000 | 0.0625000 | 0.0560000 | 0.0455000 | 0.0320000 | 0.0165000 
00280775 | 0.0472092 | 0.0584331 | 0.0627718 | 0.0612340 | 0.0548169 | 0.0445079 | 0.0312868 | 0.0161275 
0.0268784 | 0.0449664 | 0.0554101 | 0.0592949 | 0.0576533 | 0.0514733 | 0.0417059 | 0.0292734 | 0.0150761 
0.0250834 | 0.0416142 | 0.0509005 | 0.0541183 | 0.0523318 | 0.0465119 | 0.0375536 | 0.0262926 | 0.0135205 
0.0229269 | 0.0375967 | 0.0455118 | 0.0479514 | 0.0460104 | 0.0406330 | 0.0326435 | 0.0227730 | 0.0116853 


0.0206348 | 0.0333413 | 0.0398277 | 0.0414743 | 0.0393976 | 0.0345048 | 0.0275396 | 0.0191223 | 0.0097843 
0.0183834 | 0.0291807 | 0.0343012 | 0.0352126 | 0.0330388 | 0.0286394 | 0.0226733 | 0.0156511 | 0.0079798 
0.0162862 | 0.0253280 | 0.0292202 | 0.0294975 | 0.0272747 | 0.0233542 | 0.0183095 | 0.0125497 | 0.0063711 
0.0144006 | 0.0218897 | 0.0247257 | 0.0244876 | 0.0222644 | 0.0187943 | 0.0145674 | 0.0099019 | 0.0050014 
0.0127434 | 0.0188947 | 0.0208523 | 0.0202169 | 0.0180370 | 0.0149815 | 0.0114614 | 0.0077162 | 0.0038746 


0.0113062 | 0.0163248 | 0.0175703 | 0.0166446 | 0.0145435 | 0.0118641 | 0.0089441 | 0.0059562 | 0.0029708 
0.0100680 | 0.0141378 | 0.0148176 | 0.0136926 | 0.0116969 | 0.0093552 | 0.0069389 | 0.0045649 | 0.0022598 
0.0090035 | 0.0122832 | 0.0125212 | 0.0112709 | 0.0093985 | 0.0073581 | 0.0053613 | 0.0034800 | 0.0017083 
0.0080870 | 0.0107108 | 0.0106092 | 0.0092917 | 0.0075531 | 0.0057800 | 0.0041312 | 0.0026425 | 0.0012853 
0.0072954 | 0.0093751 | 0.0090166 | 0.0076761 | 0.0060758 | 0.0045387 | 0.0031780 | 0.0020007 | 0.0009634 


0.0066084 | 0.0082367 | 0.0076874 | 0.0063570 | 0.0048947 | 0.0035652 | 0.0024424 | 0.0015117 | 0.0007200 
0.0060093 | 0.0072623 | 0.0065750 | 0.0052781 | 0.0039503 | 0.0028027 | 0.0018764 | 0.0011405 | 0.0005368 
0.0054838 | 0.0064248 | 0.0056408 | 0.0043938 | 0.0031943 | 0.0022056 | 0.0014417 | 0.0008596 | 0.0003996 
0.0050206 | 0.0057017 | 0.0048534 | 0.0036671 | 0.0025883 | 0.0017381 | 0.0011081 | 0.0006474 | 0.0002969 
0.0046102 | 0. 0050744 | 0.0041873 | 0.0030681 | 0.0021016 | 0.0013715 | 0.0008521 | 0.0004875 | 0.0002204 


0.0042447 | 0.0045281 | 0.0036218 | 0.0025730 | 0.0017098 | 0.0010839 | 0.0006558 | 0.0003670 | 0.0001635 
0.0039178 | 0.0040504 | 0.0031400 | 0.0021625 | 0.0013938 | 0.0008579 | 0.0005051 | 0.0002763 | 0.0001212 
0.0036242 | 0.0036312 | 0.0027282 | 0.0018213 | 0.0011383 | 0.0006800 | 0.0003894 | 0.0002080 | 0.0000898 
0.0033595 | 0.0032619 | 0.0023752 | 0.0015368 | 0.0009313 | 0.0005398 | 0.0003005 | 0.0001567 | 0.0000665 
0.0031200 | 0.0029357 | 0.0020716 | 0.0012992 | 0.0007632 | 0.0004292 | 0.0002321 | 0.0001180 | 0.0000492 


0.0029026 | 0.0026467 | 0.0018100 | 0.0011001 | 0.0006264 | 0.0003416 | 0.0001795 | 0.0000889 | 0.0000364 
0.0027046 | 0.0023900 | 0.0015839 | 0.0009330 | 0.0005149 | 0.0002723 | 0.0001389 | 0.0000671 | 0.0000269 
0.0025239 | 0.0021613 | 0.0013881 | 0.0007924 | 0.0004239 | 0.0002174 | 0.0001076 | 0.0000506 | 0.0000199 
0..0023585 | 0.0019572 | 0.0012181 | 0.0006739 | 0.0003494 | 0.0001737 | 0.0000835 | 0.0000382 | 0.0000147 
0.0022067 | 0.0017746 | 0.0010704 | 0.0005738 | 0.0002883 | 0.0001390 | 0.0000648 | 0.0000288 | 0.0000109 


0. 0020672 | 0.0016110 | 0.0009416 | 0.0004892 | 0.0002382 | 0.0001113 | 0.0000503 | 0.0000218 | 0.0000081 
0.0019387 | 0.0014641 | 0.0008293 | 0.0004175 | 0.0001970 | 0.0000892 | 0.0000391 | 0.0000165 | 0.0000060 
0.0018200 | 0.0013320 | 0.0007311 | 0.0003567 | 0.0001631 | 0.0000716 | 0.0000305 | 0.0000124 | 0.0000044 
0.0017103 | 0.0012130 | 0.0006452 | 0.0003051 | 0.0001352 | 0.0000575 | 0.0000237 | 0.0000094 | 0.0000033 
0.0016086 | 0.0011056 | 0.0005699 | 0.0002611 | 0.0001122 | 0.0000462 | 0.0000185 | 0.0000071 | 0.0000024 


0.0015143 | 0.0010086 | 0.0005038 | 0.0002237 | 0.0000931 | 0.0000372 | 0.0000144 | 0.0000054 | 0.0000018 
00014267 | 0.0009209 | 0.0004458 | 0.0001918 | 0.0000774 | 0.0000300 | 0.0000113 | 0.0000041 | 0.0000013 
0.0013452 | 0.0008414 | 0.0003947 | 0.0001646 | 0.0000643 | 0.0000241 | 0.0000088 | 0.0000031 | 0.0000010 
00012693 | 0.0007694 | 0.0003498 | 0.0001413 | 0.0000535 | 0.0000195 | 0.0000069 | 0.0000024 | 0.0000007 
0.0011985 | 0.0007040 | 0.0003101 | 0.0001214 | 0.0000446 | 0.0000157 | 0.0000054 | 0.0000018 | 0.0000005 


00011324 | 0.0006446 | 0.0002752 | 0.0001044 | 0.0000372 | 0.0000127 | 0.0000042 | 0.0000014 | 0.0000004 
00010128 | 0.0005414 | 0.0002171 | 0.0000774 | 0.0000258 | 0.0000084 | 0.0000026 | 0.0000008 | 0.0000002 
0.0009079 | 0.0004558 | 0.0001716 | 0.0000574 | 0.0000180 | 0.0000054 | 0.0000016 | 0.0000005 | 0.0000001 
00008155 | 0.0003845 | 0.0001359 | 0.0000427 | 0.0000126 | 0.0000036 | 0.0000010 | 0.0000003 | 0.0000001 
0.0007340 | 0.0003249 | 0.0001079 | 0.0000318 | 0.0000088 | 0.0000023 | 0.0000006 | 0.0000002 | 0.0000000 


00006617 | 0.0002751 | 0.0000858 | 0.0000238 | 0.0000062 | 0. 0000015 | 0.0000004 | 0.0000001 | 0.0000000 
00005975 | 0.0002333 | 0.0000683 | 0.0000178 | 0.0000043 | 0.0000010 | 0.0000002 | 0.0000001 | 0.0000000 
00005403 | 0.0001981 | 0.0000545 | 0.0000133 | 0.0000031 | 0.0900007 | 9.0000001 | 0.0000000 | 0.0000000 
00004893 | 0.0001685 | 0.0000435 | 0.0000100 | 0.0000021 | 0.0000004 | 0.0000001 | 0.0000000 | 0.0000000 
00004437 | 0.0001435 | 0.0000348 | 0.0000075 | 0.0000015 | 0.0000003 | 0.0000001 | 0.0000000 | 0.0000000 
00004028 | 0.0001223 | 0.0000279 | 0.0000056 | 0.0000011 | 0.0000002 | 0.0000000 | 0.0000000 | 0.0000000 
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TABLE 12 
FoRMULAS FOR THE VARIOUS DIMENSIONLESS COEFFICIENTS FOR A RECTANGULAR 
Stas WiTH THE DIMENSION IN THE DIRECTION OF A PAIR OF 
SIMPLY-SUPPORTED EpcGeEs INFINITELY LONG 


The various stiffnesses, defined in Fig. 6 are expressed as follows: 


K =24 as = 6.283185 = T = 273 af = 62.01255 a 
8 8 8 83 


Q=(1 +4) x x = 9.869604 (1 + p) x 


For a distributed load p = posin = on the whole slab, where po is a constant, the moments and 
reactions at the edge y = 0, if the edge is fixed, are 


MF = — + ps? = —0.101321 ps? RF = — 2 ps = —0.636620 ps 


For a line load F = Fo sin = on the line y = v, the moments and reactions at the edge y = 0, 


if the edge is fixed, are 7 
MF = —C-Fv where C =e7s 


( ze} 7 
RF = —Cr:F where Cr=\1+ Glee 


Il 


0, the bending moments M; and M,, the 
twisting moment Mz,, and the deflection w on the line y = » are 


For an edge moment M = Mo sin = on the edge y 


Mz = (mz +pmy) M My = (my + mz) M 
’ 2 
Mey = (1 — p) may» Mo cos ™ = wo M = 
lav _% 1 
where mz = 5“ e"*, My =C— mz May = — 5 C+ Ma, Ce == ms 


For an edge deflection A = Ao sin = on the edge y = 0 combined with an edge moment —My 
1 —p) Nr? 4 x F 
=— fave Ao sin — on the edge y = 0, the bending moments Mz and My, the twisting 
‘ 


moment Mzy, and the deflection w on the line y =v are 


= 2 
Mz, = —M, =C: Mn, May = 0 S=BN® py c08 * , w=C-A 
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TABLE 13 


NUMERICAL VALUES FOR THE VARIOUS DIMENSIONLESS CoEFFICIENTS DEFINED IN 
TaBLe 12 ror AN InFinirety Lona SuaB 


S88 SSS SSsjv_—““(“_—w0OS$S$5650555 ES 

: 0/8 Cc Ce Mz My Mey Gs 

t 0.0 1.000000 1.000000 0.000000 1.000000 —0.500000 0.0000000 
0.1 0.730403 0.959865 0.114731 0.615671 —0.250470 0.0116247 
0.2 0.533488 0.868689 0.167600 0.365888 —0.099144 0.0169815 
0.3 0.389661 0.756908 0.183623 0.206038 0.011207 0.0186049 

§ 0.4 0.284610 0.642260 0.178825 0.105784 0.036521 0.0181188 
0.5 0.207880 0.534416 0.163268 0.044611 0.059328 0.0165425 

} 0.6 0.151836 0.438040 0.143102 0.008734 0.067184 0.0144993 
0.7 0.110901 0.354786 0.121942 —0.011041 0.066492 0.0123553 

5 0.8 0.081003 0.284584 0.101791 —0.020788 0.061290 0.0103136 
0.9 0.059165 0.226448 0.083642 -0.024477 0.054060 0.0084747 
1.0 0.043214 0.178974 0.067880 —0.024666 0.046273 0.0068777 
i I 0.031564 0.140639 0.054538 —-0.022974 0.038756 0.0055258 
1.2 0.023054 0.109966 0.043456 -0.020402 0.031929 0.0044030 
1.3 0.016839 0.085610 0.034385 0.017547 0.025966 0.0034840 
1.4 0.012299 0.066393 0.027047 -0.014748 0.020898 0.0027404 
1.5 0.008983 0.051316 0.021166 -0.012183 0.016675 0.0021446 
1.6 0.006561 0.039543 0.016491 -0.009929 0.013210 0.0016709 
i yf 0.004792 0.030388 0.012798 -0.008005 0.010401 0.0012967 
1.8 0.003500 0.023295 0.009897 —0.006397 0.008147 0.0010028 
1.9 0.002557 0.017818 0.007631 -0.005074 0.006352 0.0007731 
2.0 0.001867 0.013601 . 0.005867 -0.003999 0.004933 0.0005944 
yi | 0.001364 0.010363 0.004499 —0.003135 0.003817 0.0004559 
2.2 0.000996 0.007882 0.003443 —0.002447 0.002945 0.0003488 
2.3 0.000728 0.005986 0.002629 —0.001901 0.002265 0.0002664 
2.4 0.000531 0.004539 0.002004 —0.001472 0.001738 0.0002030 
2.5 0.000388 0.003437 0.001524 -0.001136 0.001330 0.0001545 
2.6 0.000284 0.002600 0.001158 —0 .000874 0.001016 0.0001173 
2.7 0.000207 0.001964 « 0.000878 —0.000671 0.000775 0.0000890 
2.8 0.000151 0.001482 0.000665 —0.000514 0.000590 0.0000674 
2.9 0.000110 0.001117 0.000503 -0.000393 0.000448 0.0000510 
3.0 0.000081 0.000841 0.000380 -0.000300 0.000340 0.0000385 
3.1 0.000059 0.000633 0.000287 —0.000228 0.000258 0.0000291 
3.2 0.000043 0.000476 0.000216 —0.000173 0.000195 0.0000219 
3.3 0.000031 0.000357 0.000163 —0.000132 0.000147 0.0000165 
3.4 0.000023 0.000268 0.000123 —0.000100 0.000111 0.0000124 
3.5 0.000017 0.000201 0.000092 —0.000075 0.000084 0.0000093 
3.6 0.000012 0.000151 0.000069 —0.000057 0.000063 0.0000070 
3.7 0.000009 0.000113 0.000052 —0.000043 0.000048 0.0000053 
3.8 0.000007 0.000085 0.000039 -0.0000382 0.000036 0.0000040 
3.9 0.000005 0.000062 0.000029 —0.000024 0.000027 0.0000030 
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lHustrative Proklerm | 


b= 5.0 ft b=/0.0 ft a 
0 
YY ; GY 
£=510 Inn | E=510bin* 4. Ley ini? 
I=/8.0 in’ &)1=288 in? &| T=/8.0 ir 
HAO S| 4=020 ‘6 M=0% iz 
N=25:10 left & | N=/25:10 loft * N=75:10° bt, & & 
& N | : Uy Sea 
S < =/0000 Ib. Ss 
x ~ NI Unifort Lom & u] 
NS g p=100 lntriA~ s ® 
é ; : 
RY 
S 
& 
Simple Support From Fig S(cl, From Fig. 4(0), 
Live Load Distributed, Load 
Load Components: Fe, = Seen By oon 2 sin ane a= pe Ne FO) sin? fe 
= 2000 Ibft sin = 2 weft sin? BL 
Oistribution of Moments 
n=/ 2=a5 £210 - £2905 
-k =-0,3902 (Table 2) -k=-0,/902 -k=-0.3902 
C,= 4.669 (Table /) Cx* 6.651 Cs=3.958 
K=4 669-510 lett =700109h  K=8.3110%, S =$94:/0°/b. 
&=2000Ibft"' || gnleza ibe? | | 
N_Z00_ _|a. AN AN 
nee a 0.583 
Fixed cre C= 0.07833 (Table 3) Om = 00765 (Table 5) 
Moment | 0 0 -15671b.= : -/567 le\-243 le, 243 1b= 
M; [0.97833:2000 Ib.tt 10 OFt ~OOT65 25101223 loft 
~ 95 £44 +243 | (Distribute 
~7/6|+85/ carry-over + 7/7 |-5/2 at sityole 
-/36 -162) support) 
- 62|+ 74 + 941-68 
’ -78 — /4 
“f - 8|+/0 + 8|- 6 
(Fira! Te Rar? 
Diaries +307 Swale 
MM,” |+307Ih ~767 1b 
Fi ae 
n=3 £=15 £=30 $=/5 
~k =-00668 ~k=-Q00/4 -k=-0.0668 
Cx= 9480 Cx = 18.85 Cs =9438 
K=/4.22:10°, K = 2356 10% lb, S =/4/610° lb, 


y= 424 Wott 


0624 Be 0.376 Z 
CECE SECA 
-403 I, ~403 Ib 
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Mustrative Proklera 1 (continued) 


n=5 -k=-O0053 -k=0 -k=-Q0053 
K=236-1/07Q K=39.3:10 Tb. S=23610. 


sesecomt [ea 


s OS TE < O62S A 
[AI7ISROEEST £05, 6,-000019 
O 0|-38/b -3.81h nee. 
See 


—14 lb. = 12: Qa 


2=7 -k=-Q0003 -k=0 -k=-0,0003 
K=33.0:10 Wb. k=55.0:10%Cb, S=33010°l0. 


s=35, 
C=00000/7 (Table 13) 


O\+021=-CCZ000 lb ft )5¥ +02 1b|-3.8 1b. 
(Table /2) 


om=20083 
“38 Ib. 


VI. InuustTRATIVE PROBLEMS 


23. Illustrative Problem 1.—This problem involves a slab con- 
tinuous over unyielding supports, with one end fixed. To illustrate 
certain features of the distribution procedure, differences in depth 
or moment of inertia and differences in Poisson’s ratio are considered. 
The center panel is loaded at its mid-point by a concentrated load, 
and one end panel is uniformly loaded. 

The load components are found from Figs. 4 and 5, and are stated 
on the computation sheets. The problem is self-explanatory to any- 
one familiar with the process of distributing moments in a continuous 
girder. The work is carried out for four terms in the series. For 
practical purposes only the first term, n = 1, or at most the first two 
terms, need have been considered. Even terms, n = 2, 4, ete., do 
not appear since the load is symmetrical about the center line of the 
structure parallel to the y axis. 

The analogous continuous girder is shown for each value of n. 
For example, for n = 1, the carry-over factor for the end panels 
is — 0.3902, and the stiffness of the end panels is 7.00- 10° lb. with the 
far end fixed, or 5.94 - 108 lb. with the far end hinged. The distribu- 
tion of an unbalanced moment at the joint to the left of the center is 
in the proportion of 8.31 to 7.00 for center and end panels, respec- 
tively. The distribution factors at the joint are, consequently, 


7.00 8.31 
—___________ = 0.457 to the left, and ——————_-= 0.543 to the 
7.00 + 8.31 7.00 + 8.31 
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lHustrative Problem 1, (continued) 
Bending moments per unit of length, M,.and My, at centers of loaded pariels. 


b=/0 ft. P= Oma 
Z Simple Suppor, | 
os 
bo) 
i] 
) 


Simple Support 


Y 


7 
eae are 


: Simple Support 
x ert 4 =25 teal 


(1)-Due to edge moments only: 


be 
g f "We g 
ae | Mz SH Se pS 
Tn SS 
f=/ | papa Os “G05 
Wy = 0.1435 (Table 8) ly = 0.0972 
1y =00557 (Table 9) My =0.2803 
Pay t fh lty = 0.1546 Mig + fh itty = 0.0972 
(ty + fLlIx¢ =0.0844 Wy + fh Ix = 0.2803 
Moy = 9.1546 (-787 -925) lb, =-266 Ib, 


ox =00972(-925 1b.) = - 90 1b, 


oy = 00844 (-787- 925 llo.=—/45 1b. ly = 0.2803 (-925 lb.) = -259 Ib. 


n=3 54 
More =+33.8 Ib. oe Mog =*69 lb. Mor nae le Mog-0 
573" OS hak hel 2 
We =0.02/2 "= 0.1087 
Wy =-O.0122 My =-0.0148 


Wet {dltty = 00/88 
My +A 2¢=- 0.0080 
Myx =+08 1b. Mox=+0.7 Ib, 
Moy=-9.3 Ib. 


(2)-Due to loading acting or a simply supported rectangular parel: 
Concentrated Load 


Use coefficients given hy Wester- 
gaara, (Explained tr text). 

Consider load distributed uriform- 
ly over @ circle with diameter “c'! 
where c=0/0a, ard take depth of 
slab,"h as h=0.08a. 

For 4=015, Westergaard’s tables 
and the equations qgolying to a square 
slab, give the result: 

!9=l y= O.3184P-O0490P = 0.2694P. 

For f4=020, trom equations (72) & (73): 

My =)y= +722 0.2694(/0000 Ib)= +2811 Ib. 


Uniform Load 


Use coefficients given by Wester- 
gaard (Explained in text). 

The moment coetticients, for M=0, 
tor @ slab with the short side Of times 
the long side are determined as follows, 
in tert7s of the short sean “b" and the 
load per urit area, “ip”: 

In the direction of the long spar, 

ty =+0.0174 0b? 
and in the direction of the short spar, 
My =+0.0964 pb* 
With ,0=100 ib.ft*, b=5 ft, 
p=+43.5 lb. ara 
My=+ 24! Ib, 


Frobl-3 
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MMustrative Problem | (concluded) 
Total Moments at supports and at center of loaded parels. 


(Moments to nearest Jb.) =/0000 Ib, T] paloo bE? ] 
ma = mn 


. 


M=M, M=M, My | My M=My Me |My Ma 


Moments due 
to Continuity ¢ 


_ n=l, coet of sin  |+307 ib -787 lb.  -265 Ib.|-/45b. = - 925 Ib “801-259 0 
3, coet of sin *Z* \- 2 + 34 ae ie tr +7 tthe 0 
| n=5, coek of sin | 0 a lef - 8 0 
n=%, coef of sin Z| 0 0 | wif | 0 


Moments at x= J: 
Que to Covtiruity- 
Due to loads acting 


on simaly sup- 
ported parels- 


Total Momerts 
at x= 


right. The final joint moments are stated for each value of n. The 
computations were made with a slide rule. 

The computation is shown for the moments M, and M, at the 
center of each loaded panel. The effects of the edge moments are 
first considered. Only the first term in the series is of practical 
significance in this case. The moments computed in step (1) may be 
considered as corrections to the moments in a simply-supported panel 
due to the loading. 

The moments at the load point in the center panel due to the 
loading acting on a simply-supported panel are computed from 
coefficients given by Westergaard.* From the tabulated coefficients, 
for a square slab loaded at the center with a load uniformly distributed 
over a circle with diameter c = 0.10a, where a, the span, is 20h, or 
twenty times the slab thickness, one finds, under the load, 


M, = M, = 0.3184P — 0.0490P = 0.2694P 


for » = 0.15. This value can be corrected to correspond to » = 0 
by Equations (72), and subsequently, to » = 0.20 by Equations (73). 
One finds, for » = 0.20 and P = 10 000 lb., 


1.20 
M, — M, => Crore aces lb. = 2811 lb.t 


*H. M. Westergaard, ‘‘Computation of Stresses in Bridge Slabs Due to Wheel Loads,” Public 
Roads, Vol. 11, No. 1, 1930, p. 1 to 23. See especially p. 19 for a square slab with a concentrated 
load, and Table 1, p. 9 for the moment under a concentrated load. Note that the numerical values are 

i for w = 0.15. s 
mas. i Moments in a slab are always stated in terms of bending moment per unit length; consequently 
this equation may be interpreted as Mz = 2811 ft. Ib. per foot, or 2811 in. Ib. per inch. An adequate 


statement is merely Mz = 2811 lb., as above. 
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The moment at the center of the uniformly-loaded end panel is 
determined from coefficients plotted by Westergaard* for a simply- 
supported rectangular slab. It is noted that in this particular 


problem the long span is in the x direction and the short span, which — 


is half the long span, is in the y direction. One finds 
M, = 0.0174 pb? = 43.5 lb. 
M, = 0.0964 pb? = 241 lb. 


The moments due to the loading on simply-supported panels are 
total moments, not components. The correction moments due to 
continuity are components of a sine series. For example, at the 
joint to the right of the center of the structure the moments M= M, 
are 


a a a a 


eee? _ dmx OTL ee se 
M,=(—926 sin ——+-7 sin —8 sin —2sin ae .) lb. 


a 
For z = at one finds 


My 


[—925.11) +7 (= 1) 8) = 2 eee 


— 938 lb. 


a 
For z.= oe one finds 


M, = 0.7071 [—925 (1) + 7(1) — 8(—1) — 2(-1) +....]b 


— 642 lb. 


The other components are added in the same manner. Numerical 
values are reported on the computation sheets only for « = a/2. 


24. Illustrative Problem 2.—This is the same structure as in 
Problem 1 except that there is a flexible supporting beam instead of a 


*H. M. Westergaard and W. A. Slater, ‘“Moments and Stresses i in Slabs,”’ P. - 
crete Institute, Vol. 17, 1921, p. 415-538. See Fig, 3, p. 431 for eee or fe 
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_ rigid support at the right of the center panel. The problem is solved, 


{ 


t 


as indicated on the computation sheets, by finding the total unbal- 


anced reaction at the joint from Problem 1, and then adding a de- 
flection of the joint of such magnitude as to make the unbalanced 
reaction zero. 

The computation of unbalanced reaction from the results of 


Problem 1 is shown for n= 1. A deflection of 1000 - 10-* ft. is 
introduced at the joint, the resulting fixed-end moments are dis- 


tributed, and the unbalanced reaction computed. It is found that 
the actual deflection Ay is 726-10-* ft. Then the actual moments 
for the structure with the flexible beam are found by adding to the 
moments in Problem 1, 0.726 times the moments due to the deflection 
introduced in step (2). The results of the computations are recorded 
for » = 3, 5, and 7 also. 

The corrective moments M, and M, at the center of the loaded 
panels are computed as m Problem 1. For the center panel, for 
n = 1, the center deflection of the left edge is zero, and of the right 
edge, +726-10-*ft. The center moment at the left edge is —1016 
Ib., and at the right edge, +110 lb. A fictitious edge moment —Mu, 
is introduced at the right edge. The magnitude of —Mow, is —716 lb. 
Since the effects of the deflection and of this moment are combined, 
one must add to these effects the effect of an edge moment acting at 
the right edge, M’o,, of magnitude +110 lb. —(—716) lb. or +826 lb. 
Then M); is computed in the following manner: 


Moe = C (Mowg) + (mz + pmy) (M'og) + (mz + wmy,) (Mos) 
= 0.1993 (716 lb.) + 0.1546 (—1016 lb.) + 0.1546 (826 lb.) 


= +113.2 lb. 


It is noted that M, = Mo; sin rz/a. The other quantities are 
computed in the same way. 

The moments due to the loading on simply-supported panels are 
the same as in Problem 1. The component moments are added 
together in the same fashion as in Problem 1, to obtain the total 
moments at the points considered. 


25. Illustrative Problem 3—This problem represents a single span 
slab with curbs which act as flexible supporting beams offering tor- 
sional restraint to the slab. A uniform load is considered. In view 
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Mlustrative Problem 3. 
€ Structure symmetrical about center-live. 


Uniforta Load, 


y a 
In the computations take N=100 Ib.ft- 


mi -2 
TC & for flexible age” Hear! 5 
Eage Bear: S YVa=—2 (Equation 36) 
EL =300NFt : poe (an = 
GJ = 10.0 Nft- xy = O42" lh rt 
Slab: L =-282en 20a! (Eqguatior 4!) 
N=, ee = 6/7 n° 1b, 
ee 
()-Effect of load n=/ (2)-Effect of deflectior 
With Lo deflectior7 2-05 Of bLoth edge bearns 
Pe bears K=23,34 Ib, k=0.3902 1,=/0000 Fr 
S os | S=/9.791b g=09313 
eee Q=/,693 lati’ +=08499 


7=0.2516 laf? 
ea te Fixed-erd moment, Mr 
LUST ea 


Aid OUI ns. a Ria ee eee Firal trormerit, My, +352 1b, 
Change lta torstorral to- 
HL OLE ee ee! ee Mert It? €AGE LEQA77, O 1% - +3952 1b, 
MROO AHO ok. Hae Rotation of joint, = %,__+520|-§720 


ae 0|-7 lar”! 


‘pees inet te Fixed-end reaction, UA, = +1ld2 lbfi +378 lhft'= T(I-t)-A, 


RICE Ie Oe ee ue Total unbalanced reaction at joint_..+1513 lbfe" 
. (3)-Load on structure with flexible edge bears. = 
€ (Structure 
nel + symmetrical about 
Actual deflection, Ap,..-| 8210 ft=-S2EZIAEE ig ggg g' — oerrter~line.) 
Ute SN NRO ee -1176 Ib. 
M, due to A, = 82/0 ft._+ 289 Ib. 
MM, ----887 1b. (for structure with Flexible bears) 
=3 Apel Sse 26.0 fF 2=5 


Mo for A,=0..-359 Ib, 


MM, due 10 1,=26.0 ft_..+66 Ib. 
=a AAU 


it Pe AD 2) 


A 0.202 fF 
M, for Ao=0___- 44 1b. 
M, due to 4,=0.202 f+ 4 7b, 


ht fea SAD 2). 


2=7 


Aoesee het SU 
M, for Ao=0__-/08 ib. 
Mo ade to 1, = 1.43 ft__+ 14 Ib, 


loth a EN: 


(Ape eo 0.0463 ff 
M, for A,=0_.- 22 1b, 
I, due to 19 = 0.0463 f- _+ 2 Ib. 


n=9 


M, _--20 1 a 
a a ee IS esl 
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ee /lustrative Problem 3 (concluded) 
Twisting moment My per unit of length at edge 1% y=0. 
()-Oue to continuity with flexible edge beams: 
f < 
g 


1 a a a a a a a ew N 
N 


Nr : 
| “Moniz B-wd,--a6169 nf Ant Structure symmetrical 
n=! £205 Ag =+8Z/0 fF. Fe +82/0 fr 
Mop = — 887 Ike. | Mog =~ 887 Ib. 
—Mowe =~ 5065 1b. —Mowg =~ 5068 Ib, 
Mor =,+4176 lb. i, = +4178 Ib, 
For #=0: For £=10, lin direction of -y): 
Cx 2410903 (Table 7) 0 Cy = 4 0484S 4 
Mey =~0.3969 (Table 10) Mey= + 0.1548 


Moxy =L01.0903)(5065 lla) + -03969)(4178 te)]-[C+0.4345) (5065 le)+(+O.1548) 4178 iby) = +1018 Ib, 
n=3 Moxy = +219 Ib. 


n= Moxy = + $8 Ib. 
n=7 Moxy = + 23 Ib. 
n=9 Moxy = + II Ib. 


Que to continuity with the flexible edge bears, the twisting momert on line y=0 Is 
Muy = (015 la)cos 3 + (219 Ik) cos + (58 la) cos GF +(23 I)cos GF +(1/ 1h) cos BK 4 1. 


At the corner x=0, the twisting rmormert Is: 
Dy 2/018 10, + 219 Ie. + $8 1b.+ 23 ib.+ 11 Io.++**** = +/330 lb. 


(2)-Due to the loading acting on a sitaply supported slab, 
the twisting moment at the Correr x=0, Y=0, 1s? 
My =- 00656 pb* = - 2620 Ib. 


(9)- Total twisting moment at the corner /s: 
y= — 2620 Ib. + 1330 Io, = -1290 lb. 


Computation of bkending tmotnerit in edge beats 


U F,=UA, 
(Equation 35) 


s* a? » UTX 
Component Of Mycam= TF = qnek, sin~q 


(Equation 71) 


LS 


1 | 8210 ft \ 0.1142 Ibft* | 938 Ib.Ft" +152 000 ftlb sin 3X 
3 Zl + 4340 ftlosin ZZ 
Ss 102 + 660 ftlosin~Z 
2 55 + 180 ft lbsin- LEX 
9 aS + 70 ftlbasin ZE 


At x=8, (center of beat), pgagm = + (48 200 frlb. 


The total moment on line x=%, in both beams and in the slab is obtained 
trot statics * 
=)1=4-100 Ib.ft* 20F4 (40ft)* = 400000 Ft. lb. 
The ratio of the momert ita both beams to the total moment [si 
2yeam — 2048 200) ft-lb. — 9 72) 
a 400 000 fi: 1b. ‘ 

The ratio of the modulus of elasticity tires moment of Wwertla of both 
beams, to the total of rrodulus of elasticity times moment of Inertia oF 
beams and slab at the cross sectiot Is 
: 2EI 2305 2 n.950 

ZEI+207-N 230+20 ae 


78 ILLINOIS ENGINEERING EXPERIMENT STATION 


/lustrative Problern 4 


Structure same as in Problera 3, except for loading. 
4) 


Yriform lire load 
on edge of slab, 


F=/1000 /b.fr’ Computations made for n=l, only 


Le =/273 lott” 


Orher Ccorstarts 
same as itp Froblerra 3. 


“Successive Distribution” Procedure 
()-Distribute reactions: é . 
U=0.1142 lofi T=0.2516 left? -+=-08499  [T( 1-1) =0.0376 left 77 


ee, 
Fixed-erd Reaction, Rj, 0\-1273 lbff = -1.0Fs 
R, due to uniform > of , Z/ 7 
aeflectiorr.. +343 att \ +13 lott” =3000#[7(1-r)] +113 lof#\+343 Ibn fF =3000ft'-U 
Distribute. +255 |+562 ——— carry-over 478 
Re Bites De iopee a +/5|+7_ Distribute 
ae lectiora..—_- HS / +/|+32 
Distribute... +3\+6é aaa r 
+7 
F; *60¢ last” -604 lb.te! R; 353 Ibfi'|+353 lott’ 
Deflections, 1,= 77° 1. +5290 fr eget 
afte 


(2)-Distribute Moments: 
L=6./7 1b. K=23.34 /b, -k=-0.3902 


0.209 | 0.791 a7 | A209 re 
M;, aue to loading.. 0|0 0\0 
MM, due to 
aeflections 77 (/)___ O +4090 l0=+*5290F4(Q) + 3090ft(-gQ) -3/10 10,\ O 
+ 
Distribute... +855 |-3235 — +/260 | 
G7 <= +/463 |-387 
-H9 | +452 en j 
Sos + /39 | — 37 
= /t | + 43 297 
ae 
= § Pe Sal es 
Syl Fi - 2 
ie AM 
[At Ey, + 724 |b, - 428 /b. 
Torsiovra/ POMC, 7p , 
0? bearr,.+?&4 1b, ~428 /b. 
Eae7) ; 
= Ln tUZ3 |-12.3 +69.4|-69.4 


4-1 
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/lustrative Problem 4 (concluded) 


(@)-Distribute reactions: 


~309 loft =-12H1Q)+69.4(-gQ) +303 lbtt'| O 


(Distribution not showr.) 


Fo +626lbe 

FAVS +548 ft -—508 ft 
(4)- Distribute moments: . 

Mz O +/731 Ib. -1726 1b.| 0 

/!, +277 Ib. -276 Ib, 

S, -448 +44,7 
(5)-Distribute reactiors: 

ix 0 | -/46.3 late’ +1463 Ib.ft'| 0 
Fo +28.9 loft’ -28.9 Ib.ft" 
Ae +253 4% 253 ft 
| ere. 


Final Values — 


=M, _ +/260 |b.= -960 1b. 
(724 Ib. + 277 1b,+133 1b +63 lb,+30 Ib+--*+) 
=A, +6326 ft = +2094 ft 
(5290 ft. + 548 ft + 253F% +12/F4 +58 FE+--*) | Pe 


of the symmetry of the structure the modified flexural stiffness, 
K (1 — k), of the slab may be used to avoid carry-overs during the 
distribution. In the computations the beams may be considered to 
act as panels of a slab adjacent to the loaded panel, but with no 
carry-over factors. All elastic constants are stated in terms of NV 
for the slab. In the computations N is taken as 100 lb. ft. with no 
effect on the stresses in the slab. The deflections and slopes are 
affected by this choice of a value of N, but these quantities are not of 
interest in this problem. 

The intermediate steps in the calculations are handled in the same 
manner as in Problem 2. The computations are shown in detail for 
n = 1, and the results are given for n = 3, 5, 7, and 9. 

The magnitude of the twisting moment at the corner x = 0, 
y = 0 is computed in two steps. The first computation is for May 
due to edge deflections and moments. For example, for n = 1, the 
center deflection of both edges is 8210 ft. (with the value of N = 100 
Ib. ft.); the center moments at the edges are — 887 lb. The fictitious 
edge moment acting with the deflection, —Mow, is —5065 lb., and 
consequently the edge moment to be considered acting alone without 
deflection, to give the total effect of deflection and edge moment, 
must be 4178 lb. One finds the result, for n = 1: 


Mozy = Coy (5065 Ib.) + may (4178 lb.) 
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at y = 0, due to —M, and M’ at y = 0, where C., and myzy are . 
taken for v/b = 0; and 


Mozy = — [Cry (5065 lb.) + may (4178 lb.)] 


at y = 0, due to —M, and M’ at y = b, where C,, and m,, are 
taken for v/b = 1. 

For all the cosine waves of twisting moment one finds the total due 
to edge deflections and moments, M,, = +1330 lb. 

The twisting moment due to the load acting ona simply-supported 
rectangular slab is computed from coefficients given by Westergaard.* 
Since, in the present notation, a positive twisting moment produces 
compression along the diagonal at a corner such as the one at x=0, 
y=0, and since Westergaard’s coefficient is for positive moment 
-across the diagonal, one has for b/a = 0.5 


M., = —0.0656 pb? = —2620 lb. 


Then the total twisting moment at the corner x = 0, y = Ois 


M., = —2620 lb. + 1330 Ib. = —1290 lb. 


The bending moment at the center of one of the supporting beams 
is also computed. The procedure is straightforward and easily fol- 
lowed. It is seen that for this case the total moment at the cross- 
section x = a/2 is divided between beams and slab approximately 
in proportion to the values of EJ for the various members. 


26. Illustrative Problem 4.—The same structure that is considered 
in Problem 8, a single-span slab with stiffened edges having torsional 
resistance, is loaded with a uniform line load on one of the edges of 
the slab directly over a supporting beam. The procedure of succes- 
sive distribution is used, no advantage being taken of symmetry, in 
order to show some of the details of the procedure more fully. The 
computations are given only for the first term in the series, that is, 
for n= 1% 

| The fixed-end reaction in the slab for a load at one edge is minus 
the load, of course. The sine wave component of load for n = 1 is 
F’) = 1273 lb. ft... The fixed-end reaction is —F). Before distribu- 


*H. M. Westergaard and W. A. Slater, ‘Moments and Stresses in Slabs,”’ Proc. American Con- 


crete Institute, Vol. 17, 1921, p. 415-538. See Fig. 3, p. 431 for coefficient for moment across diagonal 
at corner, for n» = 0. 
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é 
tion of reactions a uniform deflection of both joints is written in to 
hasten the convergence by making the unbalanced reaction smaller. 
It is noted that for the uniform deflection the fixed-end reactions 
in the beams are proportional to U and in the slab, to T(1 — 1). The 
left-hand joint is balanced first, and the carry-over to the right-hand 
joint is considered with the reactions due to the-uniform deflection 
previously introduced. The joint is then balanced, and a carry-over 
is made to the first joint. Again fixed-end reactions due to a uniform 
deflection are written in, proportional to the first set of reactions, and 
after one further distribution the structure is practically balanced. 

Then the deflections are computed, and the fixed-end moments 
due to the deflection are determined. These are distributed without 
deflection. The rotations due to distributing moments are determined 
next, and the changes in fixed-end reaction due to the rotations are 
computed. These are again distributed as in the first step. The 
moments due to this second distribution of reactions are computed, 
and so on until the computations converge. 

All the computations are not shown, but enough numerical values 
are given to indicate the slow convergence of this procedure. The 
“Sndirect procedure” leads to results much more rapidly. 


VII. Nores on GENERAL AND SPECIAL CASES 


27. Convergence of the Numerical Computations.—The method of 
solution described here is based on a resolution of the loading into com- 
ponents in such a way that the loading is expressed as an infinite 
series. In certain cases, such as concentrated loads, the series repre- 
senting the load does not converge. In other cases, such as distributed 
loads and loads distributed along a line in the x direction, the series 
for the load does converge. 

The results obtained from the computations for deflections, mo- 
ments, reactions, etc., will be expressed also as infinite series, and the 
computations may be performed for a sufficient number of terms in 
the series to obtain results of any precision desired. 

For ordinary cases only a relatively small number of terms in the 
series are required to compute the deflections accurately. Successively 
larger number of terms are required to compute slopes, curvatures 
or moments, and changes in curvatures or shears and reactions. For 
some quantities the series will not converge. For example, in the 
case of a concentrated load, the moments under the load are infinitely 
large as given by the ordinary theory of flexure of slabs upon which 
this method is based. As is explained elsewhere in this report, one 


4 
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may obtain the effects of a concentrated load by assuming the load 
distributed over some area. Also for a concentrated load on a slab 
over a flexible beam the load carried by the beam will be given by an 
infinite series that does not converge. These faults of the method of © 
analysis are common to all methods of solution of the fundamental 
differential equation in terms of infinite trigonometric series. 

In most cases the number of terms, or number of values of n re- 
quired to find effects to a certain degree of accuracy, will be obvious 
from an examination of the results obtained as the distribution pro- 
cedure is carried out. Sometimes, however, care is necessary in order 
to be sure of the convergence of the results. Perhaps the writer’s 
meaning will be clearer if one examines the ordinary series 


1 1 1 : 
—=1)4+—+—+—4+ .... 
is Sug shay 


where the sum of the first two terms is 1.5, the sum of the first three 
terms is 1.833, etc., and the terms are successively decreasing in value. 
But this series, of course, diverges, since if one takes enough terms one 
may make the sum greater than any previously assigned quantity. 

In general it may be stated that for distributed or concentrated 
loads the series for deflection always converges. The series for 
moments converges except at the point of application of a concen- 
trated load and the series for reactions at a joint converges except for 
a concentrated load at some point along the joint. 

In a continuous slab, for large values of nb/a the effects near~a 
joint approach those in an infinitely long slab continuous over a beam 
of the same flexibility as that in the joint, and with the same values 
of N on either side of the joint, as in the panels of the slab adjacent 
thereto of the actual structure. Formulas for this case of the infinitely 
long slab are given in Section 28. One may compare the results of 
the distributions with the formulas given therein to obtain the general 
form of the terms in the series for high values of n. In many cases 
one can establish the limits within which the sum of such a series 
must lie, for values of n greater than some given value, by comparison 
with an integral. 

The effects in the interior of a panel due to the moments and de- 
flections at the edge of the panel converge much more rapidly than 
the moments and deflections at the edge. Also, for common cases of 
loading, the series for the moment in the flexible beams converges 
even when the series for the load on the flexible beam diverges. 
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hee Sinyole Suonporis 


bear 


Flexible 


(a)- Plan of Slab. 
gline Load, 


ite eee SOT EP As x 
b= 3 sine sin ® 


Supporting Beara 


(6)-Section Parallel to Simply Supported Edges. 


Fic. 9. CoNceNnTRATED LoapD ON INFINITELY LoNG SiAB WITH 
ONE FLEXIBLE BEAM 


28. The Infinitely Long Slab With One Flexible Beam.—The 
problem of the infinitely long slab continuous over a flexible beam is 
of importance as a limiting case, and serves also to illustrate a possible 
use of the distribution procedure to find formulas for simple cases. 
Needless to say, the procedure is much simpler for a numerical case. 

The slab shown in Fig. 9 is subjected to a concentrated load P at 
the point x = u, y = v, and is supported on the line y = 0 by a beam 
having a modulus of elasticity EF and a moment of inertia |. For the 
infinitely long panel of the slab to the right of the beam the elastic 
properties of the material are stated as N and y; and for the infinitely 
long panel to the left of the beam, as Ni and yp. 

The series for the loading is obtained from Fig. 5 (c) and the 
various coefficients for the slab are taken from Table 12. The dis- 
tribution is carried out for only one value of n, since the same results 
are obtained for other values as only s changes with n. The procedure 
is developed in three steps, as indicated. . 


Step 1. Distribution of moments, beam temporarily held 
against deflection. See Fig. 9(b). 


The fixed-end moment in the loaded panel, to the right of the 


beam, is 

2P A 3g) ale eg 
ves sin —— sin —— 
a s s 


At 


4 


This moment is distributed in proportion to the flexural stiffnesses 
of the two panels meeting at the joint. Since the values of K differ 
only because WN is different for the two panels, the moment may be 
distributed in proportion to N and N;. One finds the following — 
result for the final moment at the joint: 
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The change in edge moment in the left-hand panel is equal to the 
final moment at the joint. The rotation of the edge of the left- 
hand panel is equal to the change in moment divided by the quan- 
tity Ki. The rotation of the edge of the right-hand panel is equal 
in magnitude but opposite in sign to the rotation of the left-hand 
panel, and may be written as 


Ps 1 we we ae 
ve—"; sin —— sin —— 


an eee 
ar N+WN, s 8 


Then the unbalanced reaction at the joint is as follows: 
Unbalanced reaction 


= RF + Q0 
ar Tv oe eee are - 
=— (2 +=) e—s sin —— sin —. = 
a 8 8 s 
P wN-WN es U x 
+(1+ n) : e-® sin sin 
a N+ Ni s§ s 
TV l1+ypN—WN, wv 2P Pie ee a} TX 
<oslitaaall BE) he = | é- sin —— sin ae 
8 2 N+M, 5s a 8 8 


Step 2. Deflection of the joint at the supporting beam introduced. 


The fixed-end moments, due to a sine wave of deflection of the 
joint with maximum magnitude of unity, are equal to the quantities 
Q: sin ra/s and Q sin r2/s to the left and to the right of the beam 
respectively, where Q; and Q are given by the equations 
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1 Tr 
CLUS Dee ’ RO oy) ere 
s 


The final moment at the joint may be expressed as follows, after 
simplifying: 
1 N Ni rx 
M = 2(1 + ») ————— sin — 
s&s N+; 8 


The rotation of the edges of the panels are +@ on the left and | 
—® on the right, where © is given by the equation 


l+paN-—-WNi . we 
= sin —— 


2 s N+M™ s 


Then the unbalanced reaction at the joint is as follows: 


Unbalanced reaction = 2Q® + (7, + T + UV) sige 
s 


mE! r+ N+M, (1+n)? s N-M S| sin 


sin—— 
T EI 2 ar N+Mi EI 8 


st 


Step 3. Combine Steps 1 and 2 to eliminate the unbalanced 
reaction at the joint. 


The actual deflection of the beam is a sine wave with maximum 
ordinate equal to minus the unbalanced reaction from Step 1 divided 
by the unbalanced reaction from Step 2. Then the actual deflection, 
for the n* term of the series, is: 


TU t+pN-— Ni ”) 2s a wel 
1+ = e~s Sin — 

“a ( S 2 N+M™i 8 a S (33) 
sf oie Noe, Old ee NHN, N= Ni 


T EI 24 N+ M™, El 


The moment in the beam is obtained from the relation 


mE! 
MES coxa — 


3? 
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whence it follows that, for the n* term, 


mv itn N—-N, a) 2Pa. |. , “athe 
14+— ——_—__ ——__ ——  ]} —— e-* sin —- sin —— 
ue ( s 2 N+N, 8 nx 8 s (84) 
soa 2s N+N, (1+n)s N—-N, N—N, 
7 El 20 N+N, EI 


The moment at the joint is obtained by adding the moment in Step 1 
to A times the moment in Step 2. One finds the result, for the n** 
‘term, 

eater i 2P bbs TU wz 2(1-+p) N WN. . 
M= —— ——— ye-™ sin gin Balser Myeam (85) 


NEN ee $ a. = (NEN ET 


All the values for the interior of a panel due to a deflection A of the 
edge are stated in terms of an edge moment —M,, defined by the 
relation 


1 
—M, = —N (1 — ») —A 
2 
One has the result, then, for the n** term, 
N 
— Mi, ra —(1 = LK) Ey bce (86) 


For the special case of a rigid beam, El = © and Equations (84) 
and (85) become 


mv Ity N—N, wv\ 2Pa TU re 
M eam — 1+ = ar in —— sin —— 
: ( S 2 N+M, 8s ) nx vere S oi s cy 
2PNi1 0 ,,. TU>. w2 
= — e~s sin — sin — (88) 


ON SIeEN aa s S 
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For Ni = N, the series in which Equation (88) is one term becomes 
the moment M, at the beam in an infinitely long slab continuous over 
q rigid beam 


Pov NTU NTrx 


M, | =— i ra sin 
y=0 QD  nnt,2,3,°° Ps 


. 


(89) 


‘The infinite series in Equation (89) for the moment over a rigid beam 
in an infinitely long slab can be expressed in finite form by compari- 
son with a derivative of the potential function introduced by NAdai* 
in his study of concentrated loads on an infinitely long slab. This 
has been done by Jensen.t 

For a flexible beam, when N; = N, Equations (84) and (85) 
become 


1+ Tv 
8 ZERO ase Fb: CES 
Mobeam = e~’s sin —— sin —— (90) 
- 4sN nr s s 
TEI 
and aa 
De a) ee 1 =P 
M= — e—*s sin —— sin — + ——— Mbeam (91) 
a s 8 El 


For a load directly over the beam, » = 0, and Equations (90) and (91) 
become 


2Pa 1 Ve Rll te) we 
oo 7 a es oe 
; ie 
TE! 
ee Rea 
M= aH Meena: (93) 


From the form of Equation (93), and from the fact that the slope in 
the y direction is zero at the beam, one concludes that the curvatures 
in the slab in the x and y directions, directly over the beam must be 


* i. “Die elastischen Platten,” 1925, Julius Springer, Berlin, p. 95. | - 
7 a Be etatione for Certain Rectangular Slabs Continuous Over Flexible Supports, 


[ay Til. Eng. Exp. Sta., Bul. 303, 1938, see Section 6. 


: 
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equal. Then for this case of loading, over the beam the slab moments 
are related by the equation 


w=] 
y=0 y=0 


This can also be shown by computing M, from the relations in 
Table 12. 

For Ni = 0, which corresponds to the slab with an edge supported 
only by a beam, one finds the relations, from Equations (84) and (85), 


l—yp wv 
ae ami : 
8 2 Fa" AS + a ae 

Mieam = e~*; sin —— sin — (94) 

2s N (1+ y)?sN  n?x? s S 

L- = 

a El - 27 El 

and M = 0. 


For Ni = «, the slab is fixed at the line y = 0, and one has 


Oh ge Te ae 
M = —2P — e-~; sin — sin — 
a 8 Ss 


which is the n* term in the series for the fixed-end moment. 


29. Application of the Procedure to Special Problems.—The manner 
of treatment of some special types of construction to obtain a solution 
by the distribution procedure is described briefly. Consider the case 
of a slab with integral supporting beams. One of the principal as- 
sumptions upon which the distribution procedure is based is that the 
beams offer only vertical support to the slab or in special cases also 
offer torsional restraint to the edge. In the case, however, where the 
beams are integral with the slab but the center of gravity of the 
beam is not in the same plane as the middle plane of the slab, the 
slab in the neighborhood of the beam acts somewhat like a T beam 
and is subjected to direct stress as well as flexure. Consequently the 
solutions described here, or any solution based on the fundamental 
equation given in Appendix A, are not applicable since those solutions 


& 


4 
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epend on the assumption that there are no resultant forces in the 
irection of the plane of the slab. For most practical purposes, and 
particularly for the effects in the interior of the panel, it is valid to 
make the approximation that the supporting beam has some equiva- 
ie moment of inertia of magnitude equal to the actual moment of 
inertia of the beam plus that of the part of the slab acting with it as 
a T beam, and then to assume that the beam offers only vertical 
‘support to the slab. In extreme cases it is likely that this approxima- 
tion is not valid. 

The treatment of beams having resistance to torsion is described 
in Section 8, and an illustrative problem is given in Section 25 of a 
“single panel of a slab having two stiffened edges. In all treatment of 
beams having torsional resistance it must be assumed that the ends 

of the beam are not permitted to rotate about a longitudinal axis 
through the beam. If this assumption is not fulfilled in the actual 
structure the treatment of torsion made herein is not valid, but, in 
any case, it seems reasonable that the stresses in the structure should 
be between the stresses computed for no torsional resistance of the 
beam and the stresses computed for the case of torsional resistance 
with the assumption described in the foregoing. 

Cases in which there are point supports on the slab or under the 
beams can be treated in the following manner: 

(1) With the load on the structure, and with the point supports 
temporarily removed, find the total deflections at the points where 
the point supports are to be placed. 

(2) In succession, at each place where a point support is desired, 
apply a concentrated load to the structure and find the total deflec- 
tions at all proposed point supports. 

(3) With the values obtained from (1) and (2), write a series of 
simultaneous equations which express the deflection at each point 
support in terms of the deflection due to the loading, the deflection 
due to each of the point reactions, and the flexibility of the supporting 
structure. 

(4) Solve these equations to find the reactions at the point sup- 
ports. 

(5) Find the effects in the slab due to the loading and the reactions 
of the point supports. 

Rigid supports or elastic supports are treated in the manner indi- 
cated. If the supports are rigid the resultant deflections at each point 
of support are set equal to zero. If the supports are elastic the re- 
sultant deflections are set equal to the deflections that the unknown 


q 


reactions produce in the elastic support. The case of a diaphragm 
between the flexible beams, having no contact with the slab, may be 
treated in a similar manner, for, in this case, the deflections are the 
relative deflections of the various points connected by a particular — 
diaphragm, and the flexibility of the various points of connection of 
the beams with the diaphragm is determined by the elastic properties 
of the diaphragm. 

Other cases of distribution of loading than those described in 
Section 5 may be treated in various ways. One case of some interest 
is that of a load distributed uniformly over a rectangular area. Such 
a case may be treated by assuming temporary beam supports coincid- 
ing with two opposite sides of the loaded rectangular area. The 
temporary beam supports may be considered to have zero modulus 
of elasticity, and then the analysis can be carried out in the manner — 
indicated for the other problems solved herein. In many other cases 
one may use to advantage this introduction of an arbitrary joint in a 
structure where no actual joint exists. For example, one may find 
the fixed-end moments and reactions due to a line loading by consid- 
ering a panel of the slab with some deflection along the line of loading. 
After determining the fixed-end forces and the load on the line, one 
may establish the coefficients for the fixed-end reactions and moments. 

One may use the tabulated coefficients for other purposes than for 
the distribution procedure. For example, one may derive an ex- 
pression, in terms of a trigonometric series, for the reaction at an edge 
of a simply supported slab due to a line or point load. The numerical 
values of the coefficients in the series may be obtained from values re- 
ported in Tables 6 and 8, as is shown by the derivation given in Séec- 
tion 8 of Appendix B. 
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VIII. Inruvence Surraces ror SLABS 


30. Reciprocal Relations in Slabs With Two Opposite Edges Simply 
Supported.—Certain special laws of reciprocity,* in addition to the 
usual general reciprocal relations derived from Maxwell’s Theorem 
of reciprocal deflections, apply to slabs with two simply-supported 
opposite edges. 

*Several special cases have been pointed out by others. See: H. M. Westergaard, “‘Computation 


of Stresses in Bridge Slabs Due to Wheel Loads,” Public Roads, Vol. 11, No. 1, 1930, p. 1-23 
especially p. 7. : i 


D. L. Holl, ‘‘Analysis of Thin Rectangular Plates Supported on Opposite Edges,” Bulleti 
Iowa Engineering Experiment Station, Iowa State College, 1936, p. 35. oa ee 
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Simply supported edge. 


x 


Fig. 10. GenrRAL TYPE or SxuaB TO WHICH CERTAIN RECIPROCAL 
ReELatTions APPLY 


Consider a slab with simply-supported edges parallel to the axis 
of y, continuous over any number and spacing of simply-supported 
flexible beams of constant section parallel to the axis of x. In each 


panel formed by lines parallel to the z axis and by the simply-sup- 


ported sides, the slab is of constant thickness. It is assumed that 
Hooke’s Law applies to the material in the slab and supporting 
beams. The slab may extend indefinitely far in the y direction, or 
it may be supported or restrained in some manner on the edges 
parallel to the z axis. An example is shown in Fig. 10. 

A concentrated load P at the point w:, 1: may be represented by 
the line load on the line y = 1 expressed by the trigonometric series 


qe 1 
F= i sin 95 
Pas ‘= (95) 


as is shown in Section 5. Each sine wave component of loading 


2 P neu NTL 
sin eg (96) 
a a a 


F, = 


produces a sine wave of deflection, or of moment in the z direction, 
or of moment in the y direction, or other particular effect on the — 
line y = %, of the form 
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2P MTU Se SNE 
wld. = Cn SiN sin 
a a a 


(97) 


where c, depends on the properties of the entire structure. 
Similarly, a concentrated load P at the point ws, »; may be repre- 
sented by the line load on the line y = 1, 


2P NTU. | NTe 
F= >> sin sin (98) 
DQ  nai,2,3,-+ a ' a 
Each sine wave component of loading, 
2P > nr, | nae 
P= sin sin (99) 
a a a 
produces certain effects on the line y = v2 of the form 
2P : terug) = eavrs 
Calin = 8, Binh sin (100) 
a a a 


where ¢, is the same as in Equation (97), since the structure is the 
same and the loading is of the same type and is proportional to the 
loading producing (97). 

Comparison of (100) and (97) shows that the effécts at + = uw in 
(97) are exactly the same as the corresponding effects at « = u; in 
(100). Since the component effects are the same, the total effect is 
the same. Consequently, one may state the following reciprocal 
theorem: 

Theorem I. The effects expressible as a sine series (deflection Ww, 
rw Pw 


" curvatures ae bending moments M,, M,, etc., but not M.,, 
Y 


Ox 


Ow 
or 7 etc.) at the point we, v2. due to a load P at the point uw, 0; are 


equal to the corresponding effects at U1, 2 due to the same load P at 
U2, V1. 
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This statement may be readily extended to the case of similar 
line loads on the lines x = uw, and x = wp. 

It is noted that there is a corresponding reciprocal law for simply- 
supported beams: the simple beam moment at point 1 due to a con- 
centrated load at point 2 is equal to the moment at point 2 due to 
the same concentrated load at point 1. 

For the special case of a rectangular panel simply supported on 
four sides one may apply Theorem I to obtain a reciprocal relation 
between effects at the points w, v1 and we, v2 by considering the axes 
of x and y interchanged temporarily; certain effects at us, 2 due to a 
load P at w, v1 are equal to corresponding effects at u:, v2 due to the 
same load P at we, v1, which, in turn, from consideration of the other 


. direction, are equal to the corresponding effects at wi, v1 due to the 


same load P at uw, v2. In this case, the only effects that may be 
considered are those expressible as sine series in both directions; 


. ’ Pw dw 
namely, deflections w, curvatures ree. moments M, and M,, 
y 
; ne Ow OM ay 
and certain other quantities such as ’ , etc. Therefore 
Ox* = Oxy 


one may state the following corollary which holds also for. one 
dimension of the slab infinitely long: 


Corollary I. In a rectangular slab simply supported on four sides 
the deflection, curvatures, and bending moments at a point Us, %% 
due to a load P at the point wm, v; are equal to the corresponding 
quantities at the point w:, x: due to the same load P at Us, %. 


This corollary can be derived also from a consideration of the 
infinitely long slab, and has been used by Holl.* 

A second general reciprocal theorem applies to the deflections 
along the lines y = m1 and y = 2 due to loads at wm, v and mm, ”, 
respectively. Let the load P at the point wm, 1: be expressed as the 
line load on the line y = 1 given by Equation (95). Similarly a 
load P at the point wu, v2 may be expressed as the line load on the 
line y = 02: 


(101) 


where (101) and (95) are identical, term for term. 


*See preceding footnote. 
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The general form of the ‘“Theorem of Reciprocal Deflections” due 
to Maxwell and others may be stated as follows:* The forces of a 
given system acting on a structure do the same amount of work during 


the application of a second system of forces to the structure as the © 


forces of the second system would do during the application of the 
first system. The theorem is derived by means of the principle of 
conservation of energy and applies to a structure in which Hooke’s 
Law holds, and where superposition of effects is valid. A special 
case is the ordinary statement that the vertical deflection of point 1 
due to the application of a vertical load at point 2 is the same as the 
vertical deflection of point 2 due to the application of the same 
vertical load at point 1. The extension to sine waves of line loading 
and sine waves of deflection along a line is obvious. 


Sadie all 


Then, for each value of n, the sine wave of deflection on the line 


y = v2, due to a sine wave of loading on the line y = v; is equal to 
the sine wave of deflection on the line y = v; due to the same sine 
wave of loading on the line y = mw. Consequently, the resultant 
deflections on the line y = v due to the load P at w, ve are equal 
to the resultant deflections on the line y = v. due to the load P at 
0?w 


2 ? 


ow 
U1, v1. Then the slopes aes and the curvatures in the x direction 
z 


as well as higher derivatives with respect to x along these lines, also 
obey the same reciprocal law. One may state the following theorem: 


Theorem II. The deflection w, the slope , and the curvature 
= 


at the point ue, v2 due to a load P at w, v1 ae equal to the corre- 


or 
sponding quantities at the point we, v; due to the same load P at w, vo. 
0?w 
A third law of reciprocity for deflections w, curvatures ——, and 
our 


derivatives with respect to x of even order only, may be derneg by 
combining Theorems II and I. 


e¢ Theorem III. The deflection w and the curvature in the z direction 
w 
> at the point wm, vi due to a load P at us, v2 are equal to the corre- 


Ox 
sponding quantities at the point ue, v2 due to the same load P at w, 01. 
31. Use of the Deflected Structure as an Influence Surface for the 
Slab.—The principle established by Muller-Breslau, that an influence 


n *See, for example, R. % pach “An Int i icity,” 
Cae ee Deer % n Introduction to the Theory of Elasticity,” 1936, The 
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(4) Sizzle Support 


TOMNIOTAY 
RIgld Support: 
Lee 

Flexible Bear 


Bi —— Simple Support 
x 


Fig. 11. Typs or Srrucrure ror Wuicu INFiuENcE Surraces Can Be 
OBTAINED BY THE DISTRIBUTION PROCEDURE 


diagram for an effect at one point due to a load at a second point may 
be obtained as the deflection of the structure due to a distortion of a 
particular sort, may be applied to slabs.* The procedure is discussed 
here because certain cases are very simply treated with the use of 
the distribution procedure. 

Suppose it is desired to find the influence surface for M, at the 
point « = wu on the line y = »v of the slab shown in Fig. 11. The in- 
fluence surface is obtained as the deflection of the slab due to a unit 
angle change or change in slope in the y direction concentrated at 
the point u,v. If there is no rigid supporting beam on the line y = 2, 
let there be a rigid support temporarily placed there, and consider 
the slab cut transversely over the support. Introduce a negative 
unit concentrated rotation at the point x = u on the edge of a panel of 
the slab adjacent to the cut. This is done by rotating the edge ac- 
cording to the equation 


(102) 


That this represents a concentrated negative rotation of unit magni- 
tude is seen by comparison with Equation (20) for the trigonometric 
series corresponding to a concentrated load. 

Consider each term, or each value of n separately, as in the other 
cases studied. Write in fixed-end moments and fixed-end reactions 
in the panel due to the rotations of the edge. Then imagine the slab 
cemented together at the place where it was previously cut, and the 


*See for example, H. M. Westergaard, ‘‘Graphostatics of Stress Functions,’”’ Trans. Am. Soe. 
Mech. Eng., March 1934, p. 141-150, especially p. 148. 


temporary support removed. Distribute the unbalanced moments 
and reactions throughout the structure. One will find certain edge 
moments and deflections at every joint. From these, by use of the 
tabulated values of deflection in the interior of a panel due to moments 
and deflections of an edge one may compute deflections throughout, 
and obtain the complete influence surface. 

It is noted that this procedure is applicable to continuous beams 
or frames also.* 

One may obtain the influence surface for curvature in the z direc- 

0?w 
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tion, , by use of the reciprocal relation given as Theorem III in 


Section 30. Apply a unit load at the point where the influence is 


2, 


w 
desired, and after analysis of the structure compute : throughout. 
0?w a 
; at the original point for a load at some other 
x 2 


point are equal to the curvatures 


Then the curvatures 


w 

aa at the other point for a load at 
ne 

the original load point. 


The influence surface for moment in a supporting beam is obtained 
in the following manner. Let it be required to find the influence 
surface for moment at the point x = uin Beam A of Fig. 11. Con- 
sider the beam separated from the slab, and broken at the point 
considered; then introduce a unit angle change in the direction of 
positive moment in the beam at the point x = u. The beam will 
deflect in the shape of the moment diagram for a unit load at z= U. 


The deflection will be given by the equation ~ 
2a l, . ee tire 
A =— > —sin sin (103) 
1 n=l, 2,3,2* a a 


Now consider the beam cemented together at the discontinuity, and 
compute the load F on the beam required to pull the beam up to a 
horizontal line. The loading is as follows: 


__ OnE Tb NTE 
De # sin sin 


nel ,2,3,° 


(104) 


This loading reversed, or applied downward, on the complete struc- 
ture along the line of the supporting beam, will produce a deflection 
which is the influence surface desired. 


*See, for example, Hardy Cross, ‘‘Statically Indeterminate Struct i i i - 
graphed form in 1926, Chapter IV. A md a erga haps 
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} If the beam is rigid it is necessary to compute the loads required 
_to deflect the slab to fit the beam. In this case, joint or edge deflec- 
tions in the slab at the panels adjacent to the beam are introduced. 
_ These deflections are, of course, those given by Equation (103). 

; In all the cases discussed, the influence ordinates are the resultant 
_ deflections due to all the sine-wave components combined. 


32. Numerical Example Illustrating Computation of Influence Sur- 
face for Moment in a Rigid Supporting Beam.—It is desired to find 
the influence surface for moment at the center (point A) of one of 
the rigid beams supporting a long side of the simply-supported slab 
shown in the sketch below. 


All edges 
simply 
supported 


f=0 


The deflection of the rigid beam, and consequently of the edge of 
the slab, that must be introduced, is a triangle with a maximum 
ordinate at A of 10.0 ft. This deflection may also be expressed as an 
infinite series, derived from Equation (103): 


Since the slab is simply supported there will be no edge moments. 
However, in expressing the effect of the deflection of an edge, one 
must introduce, for each value of n, a fictitious edge moment, —Muw, 
where, for » = 0, 
Nr Narn? 
—M.,, — An=" = — An=n 
So a 


Then, one must add an edge moment M’, to cancel — Mv. Therefore, 


one has the equation 
Nr’ 
M’ = My = TN ames 
; 82 
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The deflection at y = v is determined from the relation, for each 


value of n, ‘ 


b 
= CA" + Cy—M’ 
w SF V 


This last equation, written for the sum of all the component deflec- 
tions, with some simplification, becomes 


x [= C i 2b? C | ne” Nae 
= sa » | sin — sin 
: a 2 a 


n=l1,3,5,-- 


or, with numerical values, 


NTL 


C i. NE. 
eS | 8.10— + 20.0 c.| ft. sin > an 


Nnonl,3,5,>+ 


a 


The values of C and C, are taken from Tables 6 and 11 for the various 


b v 
values of — and 7 considered. 
8 


x 
The following values of the coefficients of sin in the expres- 


a 
sion for w were computed: 


Values of Coefficients of sin nrx/a 
7 . 
0/1082 v/b = 0.5 v/b = 0.8 
1 +6.36 ft. +3 .85 ft. +1.51 ft. 
3 —0.51 —0.18 —0.05 
5 +0.12 +0.02 0.00 
7 —0.04 0.00 0.00 


. . . . a a 
With these coefficients the influence ordinates for u = eS. and uw = — 


3a v 
or aa were computed for particular values of oe The results are 


given in the following table: 


4 
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8Na=_»q@#=>$@aow_—00eESOoOO0OooSSS=$SS 
Ordinates to Influence Surface for Mbeam 

u/a ee ee eee 

v/b =0 v/b = 0.2 | v/b = 0.5 | v/b = 0.8 | o/b = 1.0 


—_— | | eee 


4 or % 5.00 ft. 4.08 ft. 2.58 ft. 1.03 ft. 0 
4% 10.00 ft. 7.03 ft. 4.05 ft. 1.56 ft. 0 


These results may be interpreted in the following way: a load of 10 lb. 
iv 
atu = Fg v = 0.26 produces a bending moment in the beam at point 


A of a magnitude of 40.8 ft. lb. 


IX. GENERAL ASPECTS OF THE ANALYSIS 


33. Summary.—The procedure given here relates the analysis of 
slabs continuous in one direction to the analysis of continuous girders. 
The moment distribution procedure is used for the analogous continu- 
ous girder. It is noted that a number of analogous girders must be 
treated, corresponding to the number of terms in the infinite trigono- 
metric series for the slab which are required to obtain results of the 
desired precision. The analysis of a slab continuous in one direction 
is somewhat more tedious than the analysis of a continuous girder, 
but is based on the same principles. The solution of the problem of 
a slab continuous over yielding supports, such as flexible beams, is 
best handled by an indirect procedure similar to that suggested by 
Cross for the treatment of sidesway of frames. 

The flexural stiffnesses of a panel of a slab depend on both span 
lengths. For panels very short in the direction of continuity the 
stiffness varies nearly inversely as the panel length, but for long panels 
the stiffness varies nearly inversely as the transverse span. Conse- 
quently, the flexural stiffnesses for slabs continuous over rigid sup- 
ports do not differ as much as for continuous beams. Moreover, the 
carry-over factors are always less than 0.50 for slabs, and grow con- 
siderably smaller as the number of terms in the series, ”, increases. 
Therefore one may develop the approximate rule that a slab continu- 
ous over a rigid support with any series of panels is approximately 
“50 per cent fixed” at that support for loads in the panel considered. 


Ke 
~ , 
‘ * 
= 
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The tabulated values given in this report are developed for the 
distribution procedure, but they may be used in other analyses or — 
for other purposes. 

The distribution procedure may also be used to compute influence 
surfaces for a slab. One may estimate very readily, by rough calcula- 
tions based on the distribution, the form of the influence surface for 
moment ina beam. This may be used to form some judgment of the 
way in which the load is “carried’”’ to the simple supports in view of 
the static control for total bending moment in a cross-section of the 
structure. On any cross-section’ parallel to the simply-supported 
edges through the entire structure consisting of a continuous slab, and 
supporting beams, the magnitude of the total bending moment on 
the section is determined by statics. Part of the total moment is 
resisted by flexure in the beam, the remainder by flexure in the slab, 
but the manner in which the moment in the slab is distributed over 
the section, and the amount of the moment resisted by each beam, 
is statically indeterminate. One may, however, in many cases assign 
reasonable values to the magnitudes of the various moments. For 
loads great enough to cause cracking of the concrete, a rational an- 
alysis founded on good judgment is probably a better basis for design 
than an “exact” analysis developed on the assumption of a homoge- 
neous, elastic material. 
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APPENDIX A 


SUMMARY OF FUNDAMENTAL RELATIONS OF THE ORDINARY THEORY 
OF FLEXURE FOR SLABS 


The ordinary theory of flexure of slabs is based upon the following 
_ assumptions, similar to those upon which the ordinary theory of flexure 
of beams is based, namely: 
(1) The stresses acting on any cross-section have no resultant 
force in the direction of the plane of the slab, and the slab is loaded 
_ only by forces normal to its plane. 

(2) The slab is of constant thickness of homogeneous, elastic, 
isotropic material. 

(3) The strains and detrusions in rie plane of the slab vary linearly 
through the depth of the slab. 

The derivations of the fundamental equations, based on these or 
equivalent assumptions, are available in a number of places in the 
literature.* The relations necessary for the present work are summa- 
rized here. 

The forces acting on cross-sections of the slab are shown in Fig. 1. 
With the use of the quantity 


EI Ehs 
Wine snk (Al) 
We uh 12 (1 = 


as a measure of the stiffness of an element of the slab, the relations 
between the bending and twisting moments and the deflections are 


0>w O>w 
M, = -v[ Sa 3 | 


Ox? oy 
Ow 07w 
M, = —N 4 | (A2 
y | ay? B ax? ) 
2w 
M, = -N(U- 
y ( 7) ard 


*For example: H. M. phd gaat “Computation of Stresses in Bridge Slabs Due to Wheel 
ds, Vol. 11, No. 1, 1930, 0, p, 1-23, see p. 2. ; ; 
a East Ww. a Slater, ‘ ‘Moments and Stresses in Slabs,’’ Proc. American Con- 


t Insite, Vol. 17, 1921, p. 415-538, see Dp. 424. 
a Nédai, “Die elastischen Platten,” 1925, Julius Springer, Berlin, p. 18. 
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These moments are the resultants, per unit of length, of stresses 
on the cross-section that are linearly distributed through the depth 
of the slab. At the bottom of the slab the stresses as shown in Fig. 1 
are given by the well known relations 


h 
M,— 
y) 6 
| —— = —M, 
soe 1 h2 
ee 
lire 
oC. 5 
apart (A3) 


r= = — M,, 
wan h? 


With the use of Laplace’s differential operator for two dimensions 


CS 0? 
ye 5 
Ox? oy? io 
the shears are given by the equations 
. = 
V,= —N— (v’w) 
Ox 
(A5) 
0 
Vy IN eae) 
Oy 


These shears are the resultants, per unit of length, of the shearing 
stresses Tz: and 7,y, respectively, shown in Fig. 1, which are distributed 
over the depth of the slab according to the ordinates of a parabola, in 
a manner similar to the distribution of the shearing stresses in a rec- 
tangular beam. 

Substitution of the moments and shears expressed in (A2) and 


(A5) into the equation of statics expressing the equilibrium of ele- 
ments of the slab-gives the result 
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d*w dtw d4w p 
se ae aed amy 
ox4 dx*dy? dy* N 


V? (Vw) = = (A6) 


This is the fundamental equation for the flexure of slabs. 
The reactions on faces such as those shown in Fig. 1 may be stated 
as follows: ° 


On a face normal to the z axis, 


Rz = V.t (A7) 
dy 
and on a face normal to the y axis, 
OM cy 
R, = V,+ (A8) 
Ox 


In addition, at each corner formed by the intersection of faces normal 
to the axes of x and y, there are concentrated reactions R,. The 
magnitude of these corner reactions is 


R. = 2M. (A9) 


For positive M,, the reaction R, at a corner such as that shown in 
Fig. 1 is positive upward; at the corner diagonally opposite, R, is also 
positive upward; and at the other two corners, FR, is positive down- 
ward. 

The ordinary theory of flexure is not valid in the neighborhood of 
a concentrated load or near an edge of the slab where the assumptions 
upon which the ordinary theory is based are not fulfilled. For the 
determination of the tensile stresses at the point of application of a 
concentrated load Westergaard* suggests using, with the ordinary 
theory, an equivalent circular area of distribution of the load de- 
termined by a special theory. He gives values of the diameter of the 
equivalent circular area of loading in terms of the actual diameter 


of the loaded area. 


*H. M. Westergaard, ‘‘Computation of Stresses in Bridge Slabs Due to Wheel Loads,” Public 
Roads, Vol. 11, No. 1, 1930, p. 1-23, see p. 1 and Table 1, p. 9. 
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APPENDIX B 


DERIVATION OF FORMULAS 


1. General Solution of the Fundamental Equation for Slabs—Under ~ 
certain conditions the fundamental equation of the ordinary theory of 
flexure for slabs 

O*w O*w d4w p 


2 (Vw) = 2 = — Bl 
yee ax* = Ox dy? - ay* N (BL) 


may be solved in the form 


Dp ws se ( pe ) sin == (B2) 


n=1,2,3,°" 


where Y, is a function of nry/a, or of the variable y only. 
Consider one term of the infinite series, for a particular value of 
n. In terms of s = a/n, one has 


w= Y/Y (=) sin —— (B3) 


§ 


Equation (B2) or the single term (B3) applies to the rectangular slab 
shown in Fig. 2, with the sides « = 0 and x = a simply supported, 
and the sides y=0 and y=b restrained in some arbitrary manner. 

With the notation . 


~ 


 taae ’ —— (B4) 


the slopes, moments, shears, reactions, and loading corresponding to 
the deflection given by Equation (B3) are determined from, the 
fundamental equations of Appendix A with the following results: 


= sia ea uY”) siné 


fe 7 
siege SE + yY)siné 


a 
My = Fae — pu) Y’cosé 
Shears ae : 
e. 1 
V, = N—(Y — Y”)cosé 7 
Se : § 
Tr? 
V,= game at — Y’”)siné 
8 
Reactions 
ta 
R,= NY — (2—n) Y”] cost 
8 
7 
R, = N12 ~y) Y’—Y’Isiné 
Ss * 
Load 
a 
paNee (YR 2r + YU) sin’ 
: g 
j 
where 
a dY & ay eo ay 
ie eS y” = —-—__,, ete. (B6) 
1 dn a dy a dy? 
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It is noted that a sine wave of deflection is accompanied by slopes, 
moments, shears, reactions, and loading which are all given by sine 
curves or cosine curves in the z direction multiplied by functions of 
y only. 

In general, the deflection w in Equation (B3) may be stated in 


two parts, 
WwW = Wp + We (B7) 


where w, accounts for the loading for the particular value of n, and 
w, accounts for certain of the boundary conditions. The function wp 
satisfies Equation (B1) but may not satisfy the boundary conditions. 
The function w, satisfies the differential equation 


O*We 0*We Ow. 


2 of 
ox' Ox dy? oy* 


= 0 (B8) 


and the sum of w. and w, satisfies all of the boundary conditions 
for the particular value of n. 

Of special interest in so far as the derivations in this work are 
concerned is the solution of Equation (B8) in the form 


we = Ysiné (B9) 


where Y is a function of n, or of y only. This solution applies to the 
case, shown in Fig. 2, of a rectangular slab with two opposite edges 
simply supported, and the other two restrained in some arbitrary 
manner, with no load on the slab. The function Y, as stated by 
NAdai,* is in the present notation 


Y = ¢ sinh n + c cosh 7 + c3y sinh n + c4 7 cosh 7. (B10) 


The following quantities are necessary in the use of Equations (B5) 
when Y is given by Equation (B10): 


Y’=(c + ¢3) sinh n+(¢e1 + cs) cosh n+e4 7 sinh n+¢3 7 cosh n 


Y"' = (ec, + 2c,) sinh n+ (c2+2cs) cosh n-+¢3 7 sinh n+¢4 7 cosh 7 (B11) 
11 


Y"" = (¢+3es) sinh n+ (c:+3¢4) cosh n+ 7 sinh n+cs3 7 cosh 4 


Y""" = (c,+4es) sinh 7+ (c2+4c3) cosh n+¢3 7 sinh n+cs7 cosh 7 


*A. NAdai, “Die elastischen Platten,’ 1925, Julius Springer, Berlin, p. 69. 


ANALYSIS OF SLABS CONTINUOUS OVER FLEXIBLE BEAMS 107 


From these equations one may verify the fact that w. corresponds 
to no load on the slab and no deflections or moments M, at x = 0 
and at z = s. The four constants in Equation (B10) are determined 
by the boundary conditions at the edges of the slab y=0 and y=b. 


2. Formulas for 


Elastic Constants——In Fig. 3 consider the case 


of a sine wave of rotation without deflection at the edge y = b, the 
edge y = 0 remaining fixed. With the notation for the edge moments 
and forces used in the text and illustrated in Fig. 3, the boundary 
conditions may be stated as follows: 


at y = 0 


and at y = b 


6 =——_ = 0 

oy (B12) 
A=w=0 

Ow ; 
@ = —— =@)siné 

oy (B13) 
Neen) 


Since there is no load on the slab w, = 0 and w = u.. 
For these boundary conditions one finds the following values of 
the constants in Equation (B10): 


C1 


C2 


C3 


where 


The moments M 
follows: 


At y=b 


6 sinh 8 s 
= — = = 0 


sinh? B — Bf? 


=0 (B14) 
Bcosh8—sinhB- s 
= 03 Po 
sinh? B — ™ 
Feat (B15) 


§ 


and reactions R at the edges are found to be as 


M = M, = K@ sin £ (B16) 
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where 
i _ i hp — N 
ane sinh 6 cosh B — B Ae ~ 28 pte B B * pin 
sinh? B — 6? s sinh? B — B b 
and : 
R = R, = Q®& sin é (B18) 
where 
inh? : N sinh? 8 + p N 
rf fk na aro eS 
sinh? 8 — B? a sinh? B — 6 b 
At y =90 ‘ 
M = M, = —kK®, sin & (B20) 
h 
abu i B cosh 8 — sinh B (B21) 
sinh B cosh 6B — B 
and 
R = —R, = —qQ®, sin — (B22) 
where 


28 sinh 8 N 28° sinh B N 
qQ = 7° = we (B23) 
sinh? B — #? 3? sinh? 6B — B® OB? 


- 


~ 


Now consider the case, in Fig. 2, of a sine wave of deflection with- 
out rotation at the edge y = b, the edge y = 0 remaining fixed. 
The boundary conditions may be stated as follows: 


At y= 0 é 
% ow 
@ = ——_ = 0 
oy (B24) 
A=w =0, 
and at y = b 

Ow 
Pe ee) 
oy 


(B25) 


A= = Aj sin &. 


wae 
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ee boundary contin one eee the following values of 


e constants in Equation (B10): 


B cosh B 4+ sinh B 
C= —c, = ———_____——_ A, 
°° : _ sinh? 6 — #? ay. 
Ce = 0 " (B26) 
ot B sinh g 
sinh? 6 — B? , 


The moments M and reactions R at the edges are found to be as follows: 


Aty=b é 
M=M, = QAosiné (B27) 


where Q is given by Equation (B19), and 


R = R, = TAosiné (B28) 
where 
E aie sinh 6 cosh 6 +8 N Bas sinh B cosh 8 + B * (B29 
: sinh? B — 6? 33 sinh? 6 — 6? 
Aty =0 
M = M, = —qQAo sin — (B30) 


where gQ is given by Equation (B23), and 
R= —R, = —iTA, sin é& (B31) 


where : 
B cosh B + sinh 6 


- (B32) 
sinh B cosh B + 8 


™ 


4 


a 
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3. Formulas for Moment at the Fixed Edges of a Panel of a Slab 
Due to a Line Load.—It is desired to find the end moments on the lines 
y = Oandy = bof the slab in Fig. 3, when these ends are fixed against 
rotation and deflection, due to a loading : 


F = Fysiné (B33) 


on the line y = yi = b —». 

In view of the fact that a sine wave of loading produces a sine 
wave of fixed-end moment, and also that a sine wave of end rotation 
produces a deflection with ordinates varying as a sine wave, one may 
apply Maxwell’s Theorem of reciprocal deflections to obtain the in- 
fluence line for fixed-end moments in the following manner: | 

With all quantities given as sine waves in the z direction, the 
deflection in the slab on the line y = y; due to a unit negative rota- 
tion at y = b when the edge y = 0 is fixed, is equal to the end 
moment at the edge y = b due to a unit line load applied to the 
slab on the line y = y:. These reciprocal relations may be formu- 
lated as follows: 


@ = sint = —F = —Fysiné (B34) 


wW = wo Sin £ = MF = MF sin £ 


The case of rotation without deflection at the edge y = b, the 
edge y = 0 remaining fixed, is treated in Section 2 of this Appendix 
in deriving formulas for the elastic constants. One may write the 
deflection of the slab due to the rotation 


© =) siné 


at the edge y = 6b, in terms of the constants C1, C2, Cz and cy stated 
in Equation (B14). With the reciprocal relations of (B34) one ob- 
tains the following formula for the fixed-end moments at the edge 
y = 6 due to a line loading on the line y = y:: 


Fos 


1 
MPF = — x aint eee: [8 sinh B sinh m 


+ (6 cosh B — sinh 8) m sinh m — (6 sinh 8) m cosh m| 


ANALYSIS OF SLABS CONTINUOUS OVER FLEXIBLE BEAMS 111 
_ This equation may be simplified and stated in the form: 


: Fos asinh Bsinh m — Bm sinh a 
T sinh? B — £ 


(B35) 


where 
1 


Saeko (B36) 
§ s 


If the distances y; and v are interchanged in (B35) one obtains 
the formula for the fixed end moment at the edge y = 0 due to a load 
on the line y = v. This formula may be stated as 


: MF = —CuF wb (B37) 


ie: sinh 6 (m es a) — Basinh m (B38) 
B (sinh? B — 6”) 


4. Formulas for Reaction at the Fixed Edges of a Panel of a Slab 
Due to a Line Load.—In a manner similar to that used in the preceding 
section the influence line for fixed-end reaction at the edge y = b 
in Fig. 3 due to a line load on the line y = yi, given by the equation 


F = Fosiné 


is obtained from the case of a deflection without rotation at the edge 
y = b, the edge y = 0 remaining fixed, as treated in Section 2 of this 
Appendix. The reciprocal relations in this case may be stated as 
follows: 

A 


Ayo sin = —F = —Fy sin i (B39) 


wo sin € = RF = RF sin & 


Ww 


With these relations and the values of the constants given in Equation 
(B26) one finds the fixed-end reaction at y = b 


Ro =F : [(sinh 6 + 6 cosh £) sinh m 


> sinh? 6 — 8 


+ Bn sinh B sinh m — (sinh B + B cosh B) m cosh ni], 


112 ILLINOIS ENGINEERING EXPERIMENT STATION 


This formula may be simplified and rearranged in the form 


i i hm) — inh h 
RF = —F, sinh 6 (sinh m1 + @ as m) — B (sinh a + 7 cosh a) (B40) 
sinh? B — f? 


By interchanging the distances y; and v in (B40) one obtains the 
fixed-end reaction on the edge y = 0 due to a line load on the line 
y= 0 : 
RF = —CrFo (B41) 
where 
sinh 6 (sinh a + m cosh a) — 6 (sinh m1 + @ cosh m) 


13 B42). 
oe sinh? B — 6 (Baa 


5. Formulas for Effect of a Moment Applied at One Edge of a Panel 
of a Slab.— Consider a moment applied at the edge y = b of the slab 
shown in Fig. 8. Let the edge at y = 0 be simply supported, and the 
applied moment be given by the equation 


M = Mo sin & (B43) 


The boundary conditions are stated as follows: 


at y = 0, 
A=w=0 
=" M, = 0, 5 
and at y = b, 


M = M, = Mosiné 


For these boundary conditions one finds the following values of the 
constants in Equation (B10): 


Mob? cosh B 
ci = 
‘ON sinh? B 
Ce =c3 = 0 (B44) 
Mob? 1 
== 


2N sinh 6 


~ . 
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With these constants one may write the bending moments M, 
d M,, and the twisting moment M,, as follows: _ 


Mz = (mz + um,) Mo sin — 
M, = (my, + umz) Mo sin & — | (B45) 


Mzy = (1 — 1) MyM cos & 


n which 
1 sinh ( «5 7 
Mz = — 
te te RY 
sinh 7 
My = — mM, 
eich Set 
| 
1 coshy 


(1 + 7 tanh 7 — 8 coth 6) 


Mey 


hte) gules 


The deflection w may be written 


b2 
i GeMor 7 sin E (B47) 
where ' 


If the moment M in Equation (B43) is applied at the edge y=0 
the bending moments M, and M, and the deflection w on the line 
y =v are the same as the quantities in Equations (B45), (B46), 
(B47) and (B48) for y= 6 —v. However, the twisting moment 
on the line y = v is of the same magnitude as, but opposite in sign 
to, the twisting moment given by Equations (B45) and (B46) for 
the line y = b — v. This follows from the manner in which positive 
twisting moment is defined. 


6. Formulas for Effect of a Deflection of One Edge of a Panel of a 
Slab Combined With a Moment at That Edge—Consider a deflection 
of the edge y = b of the panel of the slab shown in Fig. 3. Let the 


edge deflection be given by the equation 
A = Ao sin é (B49) 
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Combined with the deflection let there be an edge moment at the 
edge y = b, of magnitude given by the equation 


oir 


! Ay sin = —Mow sing (BBO) 
s 


—M, = 


If the edge y = 0 is simply supported, the boundary conditions 
are stated as follows: : 


at y = 0 Pe ea 
=U, = 0, 

and at y=b Ne ee 
M= —M, 


For these boundary conditions one finds the following values of 
the constants in Equation (B10): 


Ao 


qQy = 


sinh B (B51) 


Che— C3e Cw — 


With these constants one may write the bending and twisting 
moments in the slab as follows: 


u sinh n M OM 
* sinh B i; ss 
M, = —M, (B52) 
(1 — »n) Nx? cosh y 
M ey = 5 ae 3 cos £ = —C,z Mow cos ~ 
The deflection w may be written as 
sinh 7 


sinh 8 
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_ If the deflection A in (B49) and the moment —M,, in (B50) are 
applied at the edge y = 0 the bending moments M, and M, and the 
deflection w on the line y = v are the same as the quantities stated 
n (B52) and (B53) for y = b — v. However, the twisting moment 
mm the line y = v is of the same magnitude as, but opposite in sign 
to, the twisting moment given by (B52) for the line y = b — v. 
This follows from the definition of positive twisting moment. 


7. Formulas for Moment and Reaction at the Fixed Edges of a Panel 
of a Slab Due to a Distributed Load.—Let the slab shown in Fig. 3 
pe subjected to the loading 


; p = posiné (B54) 


where po is a constant, and let the deflection of the slab be given by 
the equation 


w= wosiné (B55) 
in which ‘ 
Pos 

Wo = nr (B56) 


Then w will satisfy the fundamental equation for the flexure of slabs. 
The boundary conditions corresponding to (B55) are 


at y =0 orb 
Pos, 
= ve sin & 
Tv 
ah (B57) 
oer 
M=u sin & 
Res) 


It is desired to make the edges at y = 0 and y = b fixed. This 
is done by introducing a deflection 


ee ne (B58) 
N 


= 4 
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at each edge, without rotation. The reactions at the edges due to the 
deflection will be the fixed-end reactions, and the moments at the 
edges due to the deflection plus the moment given by (B57) will be 
the fixed-end moments. Since Poisson’s ratio » does not enter into 
the moments or reactions at a fixed edge, one may take u» = 0 in 
the subsequent work, and set M = 0 in (B57). 

By use of the elastic constants for the slab one finds the fixed-end 
moments and reactions as follows: 


Me = = (G90) 2 ie 
; . Nr? 
(B59) 
4 
RF = —(T —1T) a sin 


With the values of Q, g, T, and ¢ given by Equations (B19), (B23), 
(B29), and (B32), one finds 


x s? sinh B — B 
specs cmt wx (B60) 


where 
sinh B — B 


1 
p sinh B+ B 


(B61) 


and 
2pos_ cosh B — 1 


. sinhpB+s 


oe —C,pob (B62) | 


where 
2 coshs6 —1 
Cy = — f 
B sinh 6+ 8 a 


For 8 approaching zero, M? approaches the moment for a fixed-end 
1 
beam, Se ae and R¥ approaches the reaction for a fixed-end beam, 


ae: 
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8. A ‘Formulas oa Reqnhen at the Edge of a Simply-Supported Panel 


le ) Due to a Line Load.—One may obtain the influence ordinates 
ction at an edge of a simply-supported panel of a slab due to 
ne loading 
i F = Fysiné 


in a manner similar to that used for the fixed-end_reaction. Let the ra 
e y = b of the slab in Fig. 3 have the deflection 


A = Ag sin é 


D> Join ae 


The boundary conditions are stated as follows: 


iy = Db 
| ig A= Ag sin E 
Mao 
and at y = 0 
and at y Anes 
=i 


With these boundary conditions one finds the following values of 
the constants in Equation (B10): 


. Cc pw Bcoshs 1 
a 2 sinh? B sinh 8 
: C7 = C3, = 0 
1—p 1 
soy 2 sinh 8 


The deflection of the slab may then be stated as 


w = wo sin ~ (B64) 


4 


oe 
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where 


pone E 1 Jesce fotc RA SEN CSE »| (B65) 
sinh 8 2 


This may be restated in terms of the notation used in Equations (B46) 
and (B52). One obtains the result 


w=C+(1—2)m, (B66) 


Then with the reciprocal relations 
A= —-F= —Fysinét | 
w=wosinf=R Ra sine 

where R is the reaction at the edge y = b due to the line loading F, 


one finds the following expression for the reaction at the edge y = b 
due to a load on the line y = y; a distance v away from the edge b 


R=Rosiné (B67) 


where 
Ro = —[C + (1 — u) mi] Fo (B68) 


Equation (B68) also gives the reaction on the edge y = 0 due to.a 
line load on the line y = », in a slab simply supported on all sidés. 
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